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Preface

Doing research is a little bit like hill-walking: it’s a highly-rewarding
endeavour which, with effort, leads you to heights you’ve never imag-
ined and gives you the exhilaration of viewing the world from new and
thrilling perspectives.

Like hill-walking, in research you know roughly where you want to get
to but, if you are breaking new ground, you don’t know exactly how best
to get there — some turns lead to blind gulleys, some to rivers that can’t
be forded, but others yet present unanticipated glades and meadows.
One thing is sure, though; if you want to get to the summit, you have
to slog up some very uninviting slopes in the constant knowledge that,
if the conditions become too bad, you’ll simply have to turn around and
return through the mist to where you started.

This book is the story of one such expedition on the hills of scientific
research. The particular range of hills — segmentation and velocity esti-
mation — is well-trodden and has been explored by many day-trippers,
hardened scramblers, and experienced mountaineers, all of whom forged
a path according to their needs, skills, and insight. In the following
pages, you will find a description of a new path which offers a some-
what different perspective. It doesn’t lead all the way to the highest
summit in this range but I don’t think that path has been discovered
yet anyway. However, it does scale a number of difficult pinnacles, such
as segmentation of transparent objects and optical flow estimation near
occluding boundaries, and my hope is that the landscape will prove at-
tractive enough for others to come and take a look. With a bit of luck,
they may find that the path leads them at least part of the way to their
own particular destination.

On my trip over these hills, I’'ve met and been accompanied by many
explorers and I've benefitted immensely from their conversation and ad-
vice. I am particularly indebted to Dermot Furlong, Trinity College,
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Dublin, long-time friend and fellow-traveller, who lent encouragement on
the steeper slopes, technical advice with the map-reading, and continu-
ous good humour especially when my spirits were flagging. I also want
to mention my wife Keelin and my two daughters Ciana and Georgina
who put up with my long absences when I was blundering about on the
slopes and welcomed me home, tired and bedraggled, when the day was
done. Thank you all.

DAVID VERNON



Chapter 1

INTRODUCTION

1. COMPUTER VISION

The goal of computer vision is to endow a machine with the ability to
understand the structure and composition of its physical surroundings
through the use of visual data: time-varying two-dimensional projec-
tions of light energy reflected off and radiated by the physical objects
constituting the three-dimensional physical world.

This definition of computer vision seems straight-forward enough —
but it isn’t, for it side-steps one very important question: What does it
mean for a computer system (or any system) to ‘understand’ something?
There are two possible answers, each giving a different interpretation of
the concept of understanding in the context of vision.

The first interpretation, which we will refer to as structural vision,
takes understanding to be the faithful reconstruction or inference of the
physical world which gives rise to the flux of visible light-data that is
sensed by the computer vision system. To understand in this sense means
to know somehow, with minimal ambiguity, what spatial and temporal
configurations of objects gives rise to the sensed optical data. This is
a non-trivial problem simply because the very process of sensing the
ambient visible light radiation pattern is a projective process with an
inherent loss of information. Consequently, many computer vision sys-
tems concern themselves less with the strict recovery of exact causative
spatio-temporal configurations and more with the construction of a sys-
tem of constraints which allows the computer vision system to maximise
the likelihood that the inferences it makes about the structure and com-
position of the originating spatio-temporal environment are correct.

1



2  FOURIER VISION

Figure 1.1. Structural composition of a scene: a camera appears in the foreground
and the background comprises a shelf of books.

The second interpretation of the word understanding goes much fur-
ther and embraces the possibility of inferring what the constituents of
the physical world are used for. That it, it is explicitly concerned with
both the structure of the spatio-temporal world and also with its pur-
pose and intent (or, perhaps more pejoratively, its meaning). Such an
approach might be termed semantic vision.

To illustrate the difference between the two approaches, consider the
scene shown in Figure 1.1 which contains a camera standing in front
of a shelf of books. The goal of a structural vision system would be
to isolate each one of these two principal objects and to provide an ac-
curate description of their relative position (or their absolute positions
if we are using a calibrated vision system). Furthermore, the struc-
tural system might also assert that the foreground object has the same
visual and spatial configuration of a class of objects which have been
previously encountered and labelled as a camera by an outside agent.!
Similarly, it would be able to assert that the background comprises a
collection of objects which are particular instances of a general class of
shape-determined (as opposed to functionally-determined) objects called
books. All this is established through the processing and analysis of a
4-D spatio-temporal data-set comprising sensed light. This data-set in-
evitably carries much additional information caused by the presence of
the shadows, additional objects, noise, and so on.

I Typically, the outside agent is the designer of the vision system or the user of the system.
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On the other hand, the semantic interpretation would also require
the computer vision system to somehow infer that the books are actu-
ally complex objects with pages containing information in written and
graphic form, that the writing on the spines indicates the authors and
subject matter, that the camera is an instrument for acquiring 2-D pho-
tographic images of the world, and that the two together are probably
part of an office scene. Here, we go far beyond the structural and we
take a leap into the world of epistemology. We require our computer
vision system not only to be able to say what is the physical configu-
ration of the scene it is viewing and perhaps to classify certain subsets
of that configuration on the basis of a priori externally-mediated knowl-
edge but also that it develop some concept of the usage or function of
the constituents of the configuration.

In essence, structural computer vision is concerned with the phys-
ical organization of the constituents of a spatio-temporal world while
semantic computer vision is concerned also with its purpose and general
behaviour.

There can be little doubt but that the ultimate priority of computer
vision is semantic vision, because only through the realization of sys-
tems with semantic capability can we fully integrate vision into com-
plete robust intelligent physical systems which can act — and interact
— as well as perceive. Unfortunately, semantic vision has proved to be
a tough nut to crack, perhaps because we are not yet using the right
tools. Since it seems reasonable that a semantic vision system should
build upon resilient structural capabilities, our immediate priority is to
construct robust models of structural vision in the expectation or hope
that we will eventually get around to solving the problem of semantics.

This book is about structural computer vision. Important and chal-
lenging though semantic vision may be, we are interested here in the
physical organization of the visual world and we seek to establish that
structure without recourse to a priori or semantic knowledge. Even
more, we would like to be able to accomplish as much as possible with
as much elegance as possible and by deploying as few computational
models as possible.

So what does it take to build a structural computer vision system?
Arguably, three of the most important tasks in structural computer vi-
sion are

m Segmentation;
m The computation of stereo disparity;

m The computation of optical flow.
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Segmentation is important since it provides explicit information re-
garding the localization of the objects in the image; stereo disparity
provides the relative distance of the objects from the viewer; and optical
flow provides a viewer-centred description of the dynamic movement of
an object in its environment.

In this book, we shall see how we can accomplish all these tasks with
one basic technique based on the Fourier transform. Note well, though,
that we don’t claim that any or all of them are accomplished optimally,
just that they can be accomplished well and, in some circumstances,
extremely well. What motivates the development of the technique to
be described is its novelty, simplicity, and utility in appropriate circum-
stances.

2. OVERVIEW OF THE FOURIER VISION
APPROACH

The Fourier technique described in this book is based on the behaviour
of images which exhibit object movement. This movement may be either
real or apparent. Real movement arises when an object changes position
in an scene and that scene is imaged by one or more cameras (see Figure
1.2 (a)). Apparent motion arises in a static scene when the objects are
viewed from different positions (see Figure 1.2 (b)). What binds all
of these situations together is that there is relative movement between
the constituents objects in images across the image sequence. In this
book, we will concentrate on short sequences (two or four images) and
simple translating movement over very short distances. Indeed, these
two attributes are mutually compatible: unless the object is travelling
very quickly and assuming that the images are taken close together —
either in time or in space — the frame-to-frame movement can be well-
approximated by small translations. Of course, if these conditions are
violated and we are confronted with much more complex relative motions
then, naturally, the approach will fail. Nonetheless, the type of motion
we are speaking of occurs so frequently that it is worth paying special
attention to it. In any case, there are no silver bullets in the field of
computer vision (at least, not yet). Each approach, including this one,
has its own strengths and weaknesses.

The strengths of the approach being presented here are several. First
and foremost, it can deal with both transparent or translucent scenes
— an area in which traditional space-domain approaches usually have
significant difficulties — as well as conventional opaque scenes with oc-
clusion. Second, segmentation is carried out in a transform domain so
that the visual complexity of the scene is inconsequential (within cer-
tain limits). Third, the approach makes no a priori assumptions about
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Figure 1.2.  (a) Real movement arises when an object changes position in an scene
and that scene is imaged by one or more cameras; (b) Apparent motion arises in a
static scene when the objects are viewed from different positions.

the form or shape of the objects. Finally, it is applicable in most of
the major visual configurations: single/multiple cameras, static/moving
cameras, and static/dynamic scenes.

So, how does it work? Without pre-empting what is to come in sub-
sequent chapters, we can summarise the approach as follows. Assume a
visual scene comprises a number of objects. In a sense, an image of these
objects is an image of each object added together. This is exactly true
if the objects are transparent or translucent and it is figuratively true if
we assume there is nothing behind an occluding foreground object (see
Figure 1.3). If the objects are moving with real or apparent motion then
we have an image sequence comprising a succession of ‘added-together’
object images. The goal then becomes one of finding the images which,
when ‘added together’, produce the observed composite images. This is
where the Fourier theory comes in.

Fourier processing is a transform technique and, therefore, it makes
explicit in the transform domain certain useful or important proper-
ties or relationships which are implicit in the original domain. Just
as the Laplace transform is used to turn difficult differential equations
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(b)

Figure 1.3.  An image of composite objects is the sum of the two images: (a) exactly
so in the case of transparent or translucent objects and (b) figuratively so in the case
of occluding objects in which case there is ‘hole’ behind the foreground object.

into easy-to-handle algebraic equations, the Fourier transform takes the
spatially-distributed information implicit in an iconic image representa-
tion and re-presents it in a fashion which reveals explicitly the informa-
tion which we require.

In our case, and assuming we are dealing with just the foreground
and the background objects, we need to know four things: the velocity
or disparity of the foreground and background images and the struc-
tural composition — the appearance — of the images of the foreground
and background. These four issues are inextricably linked in the spatio-
temporal domain since the images change as the objects move. However,
as we will see, all motion information is localized in one attribute of the
Fourier domain: the phase. This allows us to decouple the motion prob-
lem from the structure problem. In essence, we find the velocities first
and then, knowing these, we can solve the remainder of the problem,
computing the images of the constituent objects, Fourier component by
Fourier component. We can then reconstruct the images of the con-
stituent objects from their respective decoupled Fourier components.

More formally, the Fourier representation makes it possible to for-
mulate the segmentation problem as the solution to a set of equations
based on individual Fourier components rather than as a difficult prob-
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lem in the interpretation of distributed spatial information about form
and behaviour.

3. CAMERA CONFIGURATIONS

We have already mentioned that the approach described in this book
can be deployed with several camera configurations. In the following
chapters, we will deal with four. These are:

1. Fixed monocular vision, in which a sequence of four images is ac-
quired by a single static camera observing objects moving in the
scene (Figure 1.4 (a));

2. Articulated monocular vision, in which a sequence of four images
is acquired by a single translating camera observing a static scene
(Figure 1.4 (b));

3. Articulated binocular vision, in which two pairs of images are ac-
quired at two distinct positions by a binocular stereo rig fixating on
a static point (Figure 1.4 (c));

4. Fixed binocular vision, in which a single pair of images is acquired by
a forward-facing fronto-parallel binocular stereo rig (Figure 1.4 (d)).

Each of these four configurations requires a slightly different model but
each is a variant of the basic theory which we will develop for the monoc-
ular case in Chapter 3.

In addition to these variations in camera configuration, the approach
also deals both with the separation of additive images (i.e. images which
are the result of additive superposition of two component images) and
with the segmentation of occluding images (i.e. images which result
from the occlusion of one object by another).

Since object/camera motion is relative, cases 1 and 2 above are ef-
fectively equivalent (as long as both camera and objects respect the
assumption of translating fronto-parallel motion with constant velocity)
and we will deal with them as two variants of the one scenario. In the
case of articulated binocular vision, we are interested in modelling a
pair of cameras each of which acquires a pair of stereo images at two
different spatial positions. In the case of fixed binocular vision, we note
that it has a corresponding relative-motion counterpart in which a single
camera, acquires images at two distinct positions. In the following, we
will treat the equivalent four-image monocular cases together, first for
additive images in Chapter 3 and then for occluding images in Chapter
4. We will then proceed to consider the four-image articulated binocular
case in Chapter 5. In Chapter 6, we will look at the fixed two-image
binocular case and its relative-motion counterpart.



8  FOURIER VISION

(2) (b)
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Figure 1.4. Camera configurations (a) Fixed monocular; (b) Articulated monocular;
(c) Articulated binocular; (d) Fixed binocular.

4. SCOPE OF THE BOOK

This book describes a particular technique for figure-ground segmen-
tation, velocity/disparity estimation, and computation of optical flow
fields. It is not a general book on the segmentation problem; although
we will make passing reference to alternative models and approaches in
the following, such references will be made for illustration, contrast, and
comparison only. It is not intended to that they constitute and exhaus-
tive and comprehensive treatment of either the segmentation problem,
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the computation of stereo disparity, or the estimation of optical flow.
With that said, a reasonably comprehensive bibliography is included
at the end of the book and this will provide the reader with a good
jumping-off point for further research.






Chapter 2

MATHEMATICAL PRELIMINARIES

We begin by reviewing the two principal mathematical tools which
will be used in the subsequent chapters: the Fourier tranform and the
Hough transform. Although both of these transforms will be familiar
to most readers, and those who are expert in the area can safely skip
over this chapter, many will benefit from at least a cursory glance at the
material since it sets out the framework to be used throughout the rest
of the book and introduces a number of ways in which the transform
domains can be used to extract the required information. In particular,
we will look at the relationship between the continuous Fourier transform
and the discrete Fourier transform, the exponential representation of
Fourier components and the associated magnitude/phase notation, and
the effect of translation in the space domain on the phase of the Fourier
components. We will also look at the general formulation of the Hough
transform and the ways the Hough transform can be used to fit data to
a given model and thereby identify the data-specific parameters of that
model.

1. THE 2-D FOURIER TRANSFORM

1.1 THE CONTINUOUS FOURIER
TRANSFORM

Consider a real-valued continuous two-dimensional spatial function
f(z,y), where the independent variables z and y denote displacement in
orthogonal spatial directions. The Fourier transform of f(z,y) is written
as F (f(z,y)) and the transformed function is written F(wg,wy). The
independent variables in the Fourier domain, w; and w,, denote spatial
frequencies in the = and y directions, respectively. The Fourier transform

11
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itself is defined as follows.
F(f(z,y) = Flwz,wy)
o0 o0 .
= / / f(z,y)e " Werteny) dzdy (2.1)
—o0 J—00

where 7 = /—1.

The inverse Fourier transform is given by:
f($ay) = ‘7:71( wzawy)
= / / (wgywy)e )elweTtwyy) g, pdwy  (2.2)
27r

A few immediate remarks are necessary.

» First, equation 2.2 effectively states that the function f(z,y) can
be constructed from a linear combination of elementary functions
having the form e*“=%+y¥) each appropriately weighted in amplitude
and phase by a complex factor F(wy,wy) which, in turn, is given by
equation 2.1. Both of these equations, called the Fourier transform
pair, apply if f(z,y) is continuous and integrable and if F(w,,wy) is
integrable.

= Second, although f(z,y) need not necessarily be a real function and
can be complex, we are interested here in real spatial functions.
Specifically, we are interested in 2-D reflectance functions of a vi-
sual scene. On the other hand, as we just noted, the Fourier trans-
form F(wg,wy) is generally a complex function with F(wg,wy) =
A(wg,wy) + 1B(wg,wy) where A(wg,wy) and B(wg,w,) are the real
and imaginary components of F(w,,wy), respectively. It will turn out
that this complex nature of the Fourier transform is the key to the
solution of the vision problems we are addressing in this book.

m Third, we note that the domain of spatial frequecies includes negative
spatial frequencies as well as positive ones, i.e. —00 < wg,wy < +00.

The Fourier transform is sometimes defined a little differently (albeit
equivalently) as follows.

/ T fay)e it agay  (2.3)

and
flzy) = F
00 o] .
- / / F(kg, ky) 2™kt tbod) qg, dk, (2.4)
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Hy
Ay

T (M —1,N 1)

Figure 2.1. A discretely-sampled image f(z,y) comprising M x N samples, with
inter-sample distances Az and Ay in the x and the y directions.

Apart from the absence of the scaling factor term W compared with
equations (2.1) and (2.2), the essential difference in this form of the defi-
nition is that we have replaced w, and wy with 27k, and 27k,: w, and wy
are angular spatial frequencies (given in units of radians/unit distance)
and k; and k,, are spatial frequencies (given in units of [unit distance]™").
In this book, we will use the former definition throughout and we will
adopt the term spatial frequency for w, and wy on the understanding

that we are actually referring to angular spatial frequencies.

1.2 THE DISCRETE FOURIER TRANSFORM

In most instances, and certainly throughout this book, we are dealing
with sampled functions — digital images — rather than continuous func-
tions. In this case, we require a discrete Fourier transform (DFT). Let’s
assume we are dealing with images with M uniformly-spaced samples
in the z direction and N samples in the y direction, and that the inter-
sample distances are Az and Ay, respectively (see Figure 2.1). That is,
our image is a function f(z,y) such that

f(z,y) = f(zAz,yAy)

where  =0,1,2,...M — 1,94 =0,1,2,... N — 1.
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Zero frequency component

(a) (b)

Figure 2.2. The Discrete Fourier transform: (a) a simple N x N pixel image; (b)

Fourier transform with the zero frequency component located at pixel (%, %)

The discrete Fourier transform of f(z,y) is then defined as:

f(f(.’l),y)) = F(waf:awy)
= FlwzAy,,wyAy,)

M-1N-1 S
= > ) flaye ) (2.5)
z=0 y=0

where w; =0,1,2,... M —1,w, = 0,1,2,... N — 1. The inverse discrete
Fourier transform is given by:

flz,y) = F7' (Flws,wy))

DY Flwnw)eHHHD (26)

wz=0wy=0

1
(2m)°’MN

where £ =0,1,2,...M — 1,y =0,1,2,... N — 1.

In most implementations of the discrete Fourier transform, or its
algorithmically-faster version the Fast Fourier transform (FFT), the ori-
gin in the spatial-frequency domain is shifted from (0,0) to (%, %),
so that the (%, %) component represents the zero frequency and the
bounds on w, and w, become —% <wg < % and —% <w, < % (see
Figure 2.2). Close inspection of the bounds of w, and w, reveals that

there are M + 1 and N + 1 samples in the = and y spatial frequency
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directions rather than M and N, as we would have expected. It turns
out that values i% are equal, as are those of :I:%, so there are really
M x N distinct samples in the frequency domain, just as there are in
the spatial domain [275].

Note that the sampling periods A, and A, in the spatial domain and

Ay, and A, in the spatial-frequency domain are related as follows:

Ay, 1
2t MA, (2.7)
Ay, 1
= 2.
27 NA, (2:8)

Hence, if we have an image of dimensions M x N pixels, with A, =
Ay = 1 pixel, then A, = QM” radians/pixel and A, = QW” radians/pixel.
The maximum spatial frequencies which can be represented by the DFT

in the z direction, w;'**, occurs at w; = :I:%:

M
wp™ = A, >
From equation 2.7, we have therefore:
wyp®™ = = radians/pixel
Similarly,
wy = :I:Awa = +x radians/pixel

Both of these maximum spatial frequencies correspond to a spatial sinu-
soid with period 2 pixels.! Thus, the sampling period is half that of the
maximum representable spatial frequency or, equivalently, the sampling
frequency is twice that of the maximum spatial frequency; this is the
so-called Nyquist frequency.

For the sake of simplicity and brevity, all theoretical discussions in this
book will use the notation of the continuous Fourier transform, neglect-
ing the inclusion of terms in M or N on the explicit understanding that
implementation of the theory requires a DFT or FFT and, consequently,
when performing any computation, e.g. in computing velocities in unit
of pixel/frame using spatial frequency values, we do need to include the
terms in N and M as set out above.

IThe period T is related to angular spatial frequency w by T = 27" if w = 7 radians/pixel,

then T = 2 pixels.
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1.3 PHASOR NOTATION

As we noted already, F(wy,wy) is defined on a complex domain with
Flwg, wy) = Alwg, wy) + 1B(wy, wy) where

x o
Alwg,wy) = /_ /_ (&', ') cos(wpz’ + wyy')dz'dy

o [e.e]
Blwg, wy) = / / f(@,y) sin(wzz’ + wyy')dz'dy’
—oo J—00

That is, each value of a Fourier transformed image F(wy, wy) is a complex
number. We know that it is sometimes more convenient to think about
complex numbers as vectors having a magnitude and a phase angle. In
this instance, F(wy;,wy) may be expressed in terms of its magnitude and
phase:

Flwg,wy) = |F(wxawy)|ei¢(wz’wy)
where:
Flws,wy)| = \/A2(wr,wy) + B2(wr, wy)
B(wsz, wy)
= tan — 22 YJ
D(wz, wy) arctan Aws, @)

|F(wg,wy)| is the real-valued Fourier spectrum or amplitude spectrum
and ¢(wy,wy) is the real-valued phase spectrum. This exponential form
which, on the face of it looks more complicated, is very useful as it
allows us to think of each Fourier component, i.e. each complex Fourier
value at a given spatial frequency (wy,wy), as a vector having magnitude
|F(wg,wy)| and phase ¢(wy,wy) (see Figure 2.3).

Thus, we can think about the Fourier transform of an image in two
ways:

1. as a 2-D distribution of complex numbers;
2. as a 2-D distribution of vectors.

Conceiving the Fourier transform as a 2-D distribution of vectors — we
will call them phasors from now on since this is what they are commonly
referred to in the areas of electrical and computer engineering — is
particularly appealing because it allows us to visualize a 2-D Fourier
transform quite easily (see Figure 2.4) and, as we will see later in this
chapter and throughout the remainder of the book, it facilitates a very
intuititive understanding of the Fourier transform, its properties, and
the behaviour of the Fourier transform of image sequences.
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F(wéM wy)

|F(wa, wy)|

A(wa, wy) > R(F(we,wy))

Figure 2.3. A complex Fourier component with real and imaginary parts
R (F(we,wy)) and S (F(we,wy)), respectively, viewed as a phasor F(w,,wy) with mag-
nitude |F(we,wy)| and phase ¢(wz,wy).

1.4 PROPERTIES OF THE FOURIER
TRANSFORM

The Fourier transform has many useful properties. However, we will
not cite them all here and we will concentrate instead on the two proper-
ties which are required for the theoretical developments which will ensue
in the following chapters. Readers who are interested in a more exhaus-
tive treatment of the Fourier transform, its properties and applications
might like to consult one of the many excellent texts which deal fully
with all of the aspects of the Fourier transform. For example, Gonzalez
and Woods [123] provide a thorough treatment of the Fourier transform
in digital image processing; Poularikas [272] gives a very rigorous and
exhaustive discussion of the 1-, 2-, and n-dimensional Fourier transforms
and their applications, while Press et al. [275] provides one of the most
lucid explanations of the Fourier transform, the Discrete Fourier trans-
form, and its more efficient algorithmic counterpart, the Fast Fourier
transform.

1.4.1 THE FOURIER SHIFT PROPERTY

We begin with the property of the Fourier transform which forms the
cornerstone of the techniques described in this book: the shift property.
The shift property of the Fourier transform states that the Fourier
transform of a shifted function f(x — zo,y — yo), i.e. a function f(z,y)
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Figure 2.4. Phasor-representation of the 2-D Discrete Fourier transform F (f(z,y))
of a discrete image f(x,y). The image f(z,y) is a Gaussian distribution of intensities
with a standard deviation ¢ = 1.0 pixels; in this case, black signifies a high inten-
sity. Each Fourier component, F(wz,wy), is represented by a phasor of magnitude
|F(we,wy )| and phase ¢(wq,wy); to aid the visualization of the phasors of higher spa-
tial frequency, the depicted phasor magnitude is actually log (|F(wz,wy)|) rather than
|F(wz,wy)|- Note the coarse quantization resolution of the phase of each phasor. This
is due to the fact that the resolution of the intensity image is just 8 x 8 pixels and,
from equations (2.7) and (2.8), the sampling period in the Fourier domain, A, is

2r _ m

= Z radians/pixel; this resolution increases as the resolution of f(x,y) increases.

8

shifted so that is origin is at (xo,yo), is given by:

F(f@ =20,y =) = F(f(zy))e oot
= F(wg,wy)e WaTotwygo) (2.9)
That is, a spatial shift of a signal produces only a frequency-dependent
phase change, i.e. e~"(@WsZ0twyv0) ip the Fourier domain.
The equivalent property for the discrete Fourier transform is
f(f(x_x()ay_yO)) = F(wwawy)e

assuming f(z,y) is an N x N pixel image.

We can get a very intuitive understanding of this property if we view
it from a phasor perspective. If we write the Fourier transform in expo-
nential or phasor notation so that we have

F (f(l‘ —Z0,Y — yo)) = |F(wx, wy)' ei¢(wx,wy)67i(wmwo+wyyo)
= |F(wg,wy)] MWz wy)=(wamotwyyo)) (2 10)

71(%(14-191#)
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we see that the shift by (zg,yo) doesn’t have any influence on the mag-
nitude of the Fourier components |F(wg,wy)| but it changes the phase
¢(wg,wy) by an angle —(wzzo + wyyo). Thus, the shift property sim-
ply states that each phasor, F(ws,w,), is phase-shifted — rotated —
by an angle given by (wgzo + wyyo), i.e. the exponent in the term
e H(weotwyyo)  That is, the angle of rotation depends on both the shift
(z0,y0) — as you would expect — and on the spatial frequency (wy, wy).
Figures 2.5 and 2.6 illustrate this rotation by showing the phasors of a
sample image and the same image shifted by one pixel to the right.

Let’s take this one step further. Let’s assume the image is not just
shifted by a constant amount (xg,y9) but that it is translating with
a constant velocity (vz,vy). The shift in the image over some time
increment dt is given by (v;0t,vydt). The shift at any discrete time
t = ndt is (vyndt,vyndt). Hence, the Fourier transform at some time
t = ndt of an image translating with constant velocity (vy,vy) is

F (f(z = vgndt,y — vyndt)) = F (f(z,y)) e @erandttoyeandt

_ F(ww, wy)efi(wwvxn+wyvy)n6t

— F(wz, wy) (efi(wwvaﬂrwyvy)ét)n (2.11)

In other words, as the image translates with velocity (v, vy) pixels per
unit time, the phasors rotate with angular velocity (w,vs; +wyvy) radians
per unit time. Using subscripts to explicitly denote the time at which
the Fourier transform is effected, i.e. letting

Fto(wl‘awy) = f(f(.’E,y))
and
Fio(wz,wy) = F(f(z—vgndt,y —vynét))

from equation 2.11, we have therefore, in general, at time ¢, (for a con-
stant velocity):

Fi,(wa,wy) = Fto(wm,wy)(e*“‘“”””‘%”y“))” (2.12)

Figures 2.7 and 2.8 show two examples of the effect of image trans-
lation on the Fourier phasors. In the first case, the images are those of
the 8 pixel Gaussian function shown in the previous examples, together
with the phasors at time t = 0,1,2 and 3, i.e F (f(z — vyndt,y — vyndt))
where 0t =1 and n = 0,1, 2,3. The velocity of the image is (1,0) pixels
per unit time. Note that, because of the low resolution of the image (8 x 8
pixels), the quantizaQtion resolution of the angular velocity of the pha-

z K

sors is very coarse (% = 7 radians/frame). On the other hand, Figure
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Figure 2.5. The shift property of the Fourier transform states that if a function
f(z,y) is shifted or translated by (zo, yo), then each Fourier phasor is rotated by an
angle (wxxo + wyyo) radians: F (f(x — o,y — 40)) = Fwa, wy)e {@=20twsv0)  Note
that there is no other effect: pure translation only affects the phase and has no
effect on the magnitude of the constituent phasors. In the example shown above,
(zo,90) = (1,0) pixels and, hence, there is no phase change in the (vertical) wy
direction but the phase difference increases (by § radians) for each sample in the
(horizontal) w, direction; this is more evident in Figure 2.6 which shows both phasor
respresentations superimposed.

2.8 shows a 256 x 256 pixel image translating with a velocity of v, = 3
and vy = —3 pixels per frame with the superimposed phasors depicting
an 8 x 8 region in the Fourier domain, centered at pixel (128,128), i.e.
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Figure 2.6. Superposition of the phasors of F (f(z,y)) and F (f(z — o,y — yo));
refer to Figure 2.5 which shows both phasor respresentations and the corresponding

images f(z,y) and f(z — o,y — yo).

centred at the zero-frequency component. In this case, the quantization
resolution of the angular velocity is much smaller and the phase change
is more gradual in both the w, and w, directions.

1.4.2 LINEARITY

In addition to the Fourier shift property, we also need to be aware
that the Fourier transform is a linear operator: that is, the transform of
the sum of two functions is equal to the sum of the transform of the two
functions:

F(f(zy) +9(z,y) = F (f(z,9)) + F (9(z,y)) (2.13)

i.e. the Fourier transform distributes over addition. Also, the trans-
form of a constant times a function is equal to that constant times the
transform of the function:

F(cf(z,y)) = cF (f(z,y)) (2.14)

We now turn out attention to the second transform which we will use
in subsequent chapters.

2. THE HOUGH TRANSFORM

The Hough transform [145] is used to identify the presence of particu-
lar patterns of data, usually shapes or curves, within some given data-set.
The idea is to characterize the curve or shape by some appopriate equa-
tion and then to reverse the roles of the independent variables, which
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Figure 2.7. Fourier transform of an image f(z,y) translating with
constant  velocity  (vz,vy): F (f(z — vandt,y — vyndt))|,,_o 193 =

—i(Wavantwyvy)ndt |

F(wz,wy)e Each phasor rotates with a frequency-

n=0,1,2,3
dependent and velocity-dependent angular velocity (wzvz + wyvy). The velocity of
the image is (1,0) pixels per unit time. Note that, because of the low resolution of
the image (8 x 8 pixels), the quantization resolution of the angular velocity of the
phasors is very coarse (%’r = Z radians/frame) and, consequently, the high w, spatial
frequencies wrap around 2.

we normally don’t know or specify, and the coeffients or parameters in
the equation, which we normally do know since they specify the curve in
question. By reversing the réles, we are saying we now do know or spec-
ify the independent variables, e.g. coordinates of sample points, and we
don’t know (but would like to find out) the parameters for a particular
curve (corresponding to the sample points).

Specifically, equations which describe a curve accomplish the descrip-
tion by defining a spatial relationship between the independent variables.
Often this relationship takes the form of multiplicative coefficients and
exponents. For example, a line can be described by the well-known equa-
tion y = mx + ¢, and a circle of radius 7 and centre (z, o) is described
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Figure 2.8. Fourier transform of a 256 x 256 pixel image f(z,y) trans-
lating with constant velocity (vs,vy): F (f(z —vandt,y —vyndt))|, o105 =

—i(Wa vz ntwyvy )ndt |

Flwz,wy)e Each phasor rotates with a frequency-dependent

n=0,1,2,3
and velocity-dependent angular velocity (wzvz + wyvy). The velocity of the image is
(3, —3) pixels per unit time. The superimposed phasors depict an 8 x 8 region in the
Fourier domain, centred at pixel (128, 128), i.e. centred at the zero-frequency compo-
nent. In this case, because of the higher resolution of the image compared with that
shown in Figure 2.7 (8 x 8 pixels), the quantization resolution of the angular velocity
of the phasors is much smaller (2% radians/frame) and, consequently, the phase dif-
ferences of any given phasor are much smaller. In this case, it is easier to discern the
linear relationship between angular velocity of rotation and spatial velocity & spatial
frequency. Note the set of phasors which have a zero angular velocity. These are
the components for which w,v, = —wyvy (i.e. wyvs +wyvy = 0.) The magnitude
of the zero-frequency component has been set to zero since it would otherwise have
swamped the relative magnitude of the other components.

by the equation (z — zo)® + (y —50)®> = r2. Both of these equations

capture the definition of a particular curve by defining a relationship
between a set of independent variables v (e.g. z and y) and a set of pa-
rameters p, the value of which define a particular curve (e.g. m and c,
or zg, Yo, and 7). The independent variables correspond to the domain
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Figure 2.9. Hough transform equation y = mxz +c: a given point (z;, y;) corresponds
to a line in the m — ¢ Hough space. This line in m — ¢ space identifies the values of
m and c of all lines in x — y space containing the point (x;,y;).

in which the curve is defined, e.g. the x — y plane, and the parameters
distinguish one particular curve in that domain from the infinite set of
possible curves of the type described by the equation in question; that is,
a given set of parameter values defines a particular curve in the domain
of the independent variables.

Instead of defining a specific curve by choosing or fixing a set of pa-
rameter values, the Hough transform reverses the réle of the independent
variables v and the parameters p, making the parameter variables the
independent variables and the independent variables the parameters.
So, the equation y = mz + ¢, viewed as a Hough transform, instead
of identifying the set of all points (z,y) which lie on a unique line de-
fined by m and ¢, identifies the set of all possible parameters m and ¢
which define the set of all lines containing (z;, y;); see Figure 2.9. Thus,
an equation comprising parameters and independent variables defines a,
parameter-specific curve in the domain of the independent varibles or,
alternatively, it defines an independent-variable-specific curve in the do-
main of the parameter variables: this domain is the Hough transform
space.

Just as one set of specific parameters defines a unique curve in the
domain of the independent variables, so too, viewing the same equation
as a Hough transform, one set of specific independent variable values de-
fines a unique curve in the domain of the parameter variables: the Hough
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Figure 2.10. Hough transform equation y = maz + ¢: the three given points (x;,y;)
correspond to three lines in the m — ¢ Hough space, the intersection of which give the
values of m and ¢ which define the line containing (z;, y;).

transform space. All we have done is to swap independent variables and
parameters: the old independent variables become the ‘parameters’ in
the Hough transform domain and the old parameter variables become
the new ‘independent variables’ in the Hough domain. Thus, the Hough
transform domain corresponds to the parameter variables in the Hough
transform equation (e.g. m and ¢, and zy, yo, and r in the two preceding
examples).

So where does all of this get us? As it stands, not very far. However,
consider a situation where we have not one but two sets of specific values
of the independent variables, e.g. {(z,y)} = {(32,64),(96,96)} say;
each defines a different curve in the Hough transform space. These
curves will intersect and the point of intersection defines the parameter
values of a curve in the original £ — y domain which contains both the
points (32,64) and (96,96) — see Figure 2.10. By extension, n specific
points (x;,y;),i = 1...n generate n curves in the Hough domain, the
intersection of which gives the parameter values of the curve in z—y space
which contains (z;,y;). Thus, if we have a closed-form equation defining
a curve and a set of points (z;,¥;), the Hough transform technique can
be used to identify the parameter values of that curve which contains
those points by computing the Hough transform curve for each point
(z;,yi) and then identifying the point or points (p;,q;) in the Hough
space where the curves intersect.
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From an algorithmic point of view, we can do this very simply by
representing the sampled Hough transform space by an k—dimensional
array, where k is the number of parameters (e.g. £ = 2 in the case of
a line: m and ¢; kK = 3 in the case of a circle: zg, yg, and 7). For a
given value (z;,;), we add 1 to each array element if the corresponding
parameter value satisfies the Hough transform equation. If we repeat
this process for all known points (z;,v;), the Hough transform array —
which is referred to as an accumulator — will contain a maximal value
at exactly the element where the curves intersect.

If the points (z;,y;) don’t all lie exactly on the curve defining the
Hough transform, then the maximum will occur over some local neigh-
bourhood.

The Hough transform can be extended to deal with surfaces in n-
dimensional space and isn’t restricted to curves in 2-D x — y space and
k-D Hough transform space [372]. However, the computational complex-
ity inherent in solving all of the Hough transform parameter values for
each known independent variable values makes the technique virtually
intractable if the dimensionality increases beyond three or four. Happily,
in the following, we require only a 2-D Hough transform.

Note that we chose the line equation y = mz + ¢ to explain the
Hough transform for illustrative purposes only (mainly because it is a
very familiar equation) and, in real situations where we wished to use
the Hough transform to identify co-linear points, we would not choose
this particular form of equation because one of the parameters, the slope
m, is not bounded; instead, we would choose an alternative formulation
which parameterizes a line by its normal distance r from the origin and
the angle that the normal makes with one of the axes [100, 366].

In summary, then, the Hough transform is a type of universal trans-
form which relates any two domains linked by some closed-form equation.
In the event that such an explicit closed-form equation is not available, a
trainable look-up table can substituted for the parametric equation and
the transform is then referred to as the Generalized Hough Transform
[100].



Chapter 3

MONOCULAR VISION —
SEGMENTATION IN ADDITIVE IMAGES

1. OVERVIEW

This chapter begins the presentation of the core material in the book.
Here, we develop and apply a technique to separate additive images (i.e.
images formed by the addition of a number of component images) into
their additive components. We will assume that each component image
is translating with some unknown and possibly zero velocity. Specifically,
given a time sequence of a number of images, each formed by the addition
of two distinct but perhaps identical images — distinct in the sense
that the component images are moving with a different velocity — we
will show how one can recover the two component images. In the next
chapter, we will extend these results to the case where the images are
not formed by additive superposition but by occluding superposition,
i.e. the images comprise two objects or scenes, one occluding the other.

Since both of these applications are variants of the so-called segmen-
tation problem, we will begin with a brief look at the general process of
segmentation and place the technique to be developed in context.

2. THE SEGMENTATION PROBLEM

The term segmentation refers to a process of distinguishing and la-
belling distinct regions in an image such that each region has a cor-
responding physical counterpart in the visual scene. This counterpart
might be a complete object (e.g. a road sign, a seagull, a chromosome,
an integrated circuit) or a well-bounded part of an object (e.g. the
letters on the road sign, the eye of the seagull, an arm of the chromo-
some, or the leads on the integrated circuit). The key point is that

27
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each segmented region should correspond on a one-to-one basis to some
physically-meaningful region in the visual environment.

Traditional segmentation techniques typically exploit one of two broad
approaches. These are (a) boundary detection, which depends on the
detection of spatial discontinuities in the reflectance function of the scene
or in some other image property (using first- or second-order gradient
techniques) and their aggregation into contour-based object descriptions,
and (b) region-growing, which depends on the identification of local re-
gions that satisfy a regional similarity predicate of some image property.
In dealing with three-dimensional scenes, the most commonly-used im-
age properties for image segmentation are the local optical flow, the local
stereo disparity, and the local depth or range. In the case of optical flow,
one of the most powerful and frequently-used formulations of a similar-
ity predicate is that the local flow field correspond to some parametric
model of a moving surface, typically an affine or a quadratic model of
the motion of a planar surface. A non-exhaustive sample of representa-
tive motion/stereo segmentation algorithms can be found in Section 6.
at the end of the next chapter.

The goal of this book is to develop an alternative formulation of
the motion segmentation problem using the Fourier analysis of spatio-
temporal image sequences. In the following, we will present a new ap-
proach to the segmentation of both additive and occluding images. This
is effected by processing the resultant Fourier phasors derived from the
FFT of the composite image and by resolving each of them (i.e. at every
spatial frequency) into the individual Fourier components corresponding
to each object. Four distinct scenarios are addressed:

1. Monocular temporal sequences of additive scenes (Chapter 3);
2. Monocular temporal sequences of occluding scenes (Chapter 4);

3. Articulated binocular (spatio-temporal) sequences of static or dy-
namic scenes (chapter 5); and

4. Binocular images of static scenes (chapter 6).

The significance of the approach is that the visual complexity of the
foreground and background is relatively inconsequential since the seg-
mentation is effected independently for each individual spatial frequency
in the Fourier domain. It does not require the computation of an optical
flow field and it can deal explicitly with the situation where there is more
than one motion in a local region. Consequently, it can cope well with all
of the elementary local motion configurations identified by Bergen et al.
[39]: motion boundaries, transparent surfaces in motion, ‘picket-fence’
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motion (where a moving background is visible through small gaps in a
foreground which exhibits a different motion), masking (of a small mov-
ing pattern by a larger pattern), and the two-component aperture effect
(the problem encountered when, in an effort to overcome the aperture
problem inherent in all motion estimation techniques, the aperture is
enlarged thus revealing a second independent motion).

As we noted in chapter 1, the approach assumes fronto-parallel trans-
latory motion of objects in the scene; it does not cater explicitly for
scaling or rotation due either to camera motion or zoom or due to the
independent motion of the objects. Whilst this is certainly not the
most general situation, it is nonetheless an important scenario, espe-
cially if we ensure that the successive images in an acquired sequence
are sampled with a small-enough sampling period. In situations where
this assumption is not valid, exactly because the motion field within the
field of view is too complex, the usual approach in such situations is
to deploy a more sophisticated model, for example, such as that pro-
posed by Irani and Anandan [157]. An alternative strategy is to retain
the simpler model, and to re-constrain the situation by appropriately
narrowing the field of view and adjusting the focus of attention. This is
particularly appropriate when conventional approaches cannot deal with
the visual complexity (or lack of, as the case may be) of the objects to
be segmented. Of course, if the object to be segmented is larger than
the field of view, then segementation will have to proceed by processing
appropriate sub-views and assembling these parts together.

3. THE FOURIER MODEL OF
SEGMENTATION

We will begin by developing a model for the separation or decou-
pling of m additive images from a temporal sequence of the sum of these
images, where the images are translating with distinct and unique veloc-
ities (including zero velocity). A solution is presented for the case where
m = 2. In the next chapter, this model is then adapted to embrace
situations where the images are not additive but are, instead, formed
by the superposition of an occluding object or objects on an occluded
background. That is, the approach is generalized to effect a model-free
segmentation of objects undergoing translatory fronto-parallel motion in
dynamic image sequences. Note that object velocities of one pixel per
frame are sufficient to guarantee segmentation.
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fio(w:y) ftl(-'l:,y) ftz(way) fts(xay)

Figure 8.1. A composite image sequence f;(z,y) = Y v, ftij (z,y). In this case, m,
the number of images, is equal to 2. The goal is to compute ftlj (z,y) and ffj (z,y),
knowing only f; (z,y).

3.1 THE ADDITIVE MODEL FOR
TEMPORAL SEQUENCES

In this section, we show that it is possible to separate (or recover) m
additive images, given only a time sequence of the sum of these images
and given the assumption that the images are translating, each with a
distinct and unique velocity (which may be zero, in the case of a static
foreground or background). That is, given a composite image f(z,y)
at time ¢; in a temporally-ordered image sequence (refer also to Figure
3.1),

ful@y) =Y fi(z,y) (3.1)
=1
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where ftij (z,y) is the unknown " additive component image at time t;,
and assuming

ftij (z,y) = ftio (z —vijot,y — vgjét) (3.2)
where (v%, !

2> Vyy) is the spatial velocity of the i*h component image and 6t
is the incremental time interval, it is possible to recover, or compute,
each individual image ftio (z,y), Vi.
This recovery is accomplished by computing the Fourier transform
Fi; (wg,wy) of each image in the image sequence

Fi, (we,wy) = F (ftj (x,y)) (3.3)

and then by decoupling the resultant (composite) Fourier component
at each spatial frequency into the m individual Fourier components

i (wg,wy) at time ¢o. The required individual images are then com-
puted using the inverse Fourier transform

Fiy@.y) = F 1 (Fiy(wrrwy) (34)

The kernel of the problem, then, is to take a resultant Fourier compo-
nent F(wy, wy,) which is the vector sum of each F*(w;,w,) — see Figure 3.2
— and then determine each constituent Fourier component Fi(wy,wy).
That is, given Fy, (wz,wy),

m
th (Wg, wy) = Z F?:j (wz, wy) (3.5)
i=1

where m is the number of constituent images, we wish to compute
Z' .
b (e, wy), Vi

3.2 SOLVING FOR THE COMPONENT
PHASORS

Clearly, we require additional information over and above what is
embodied in equation 3.5 in order to effect the resolution of components.
This information arises from an assumption that the individual images
which give rise to the constituent Fourier components are undergoing
a constant translation, each with different (possibly zero) velocity. We
saw in Chapter 2 that the shift property of the Fourier transform states
that the Fourier transform of a shifted function f(z —v;0t,y —vyét), i.e.
an image translating with a constant velocity (vs,vy), is given by:

F (f(x — vgdt,y — fuyét)) = |Flwg, wy)| e1®(Wa,wy) o —i(We Vo St+wy vy 0t)
= F(f(,y)) einnettrenmat)
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SF(wg,wy)

FS(wa:a wy)

Flwg, wy)

FZ(wza wy)

Fl(wza "-’y)

RF (wg, wy)

Figure 8.2. The Fourier transform generates F(ws,w,), the resultant of the sum
of the Fourier components F'(ws,wy), F?(wz,wy ), F3(ws,wy) of objects 1, 2, and 3,
respectively.

That is, a spatial shift of a signal only produces a frequency-dependent
phase change in the Fourier domain. The consequence of this is that
the Fourier components of fi(x,y) translating with uniform velocity
only undergo a phase change, with no change in magnitude: the vec-
tor Fi(wg,wy) is only rotated by an angle given by the phase change
—(wgv} 8t + wyvy6t). Thus,

Fil(wzawy) = Féo(ww,wy)e*i(wzvédt—}—wyv;ét)

In general, for a constant velocity, at time ¢,
; ; i i i n
i, (0o,wy) = Fiy(wg,wy) (e7T0s0ttanmon) (3.6)

Equation 3.6 (which is equivalent to equation 2.12 given in Chapter
2) indicates that a Fourier component of an individual image i at time
t,, is simply the Fourier component at time ty rotated through an angle
n¢, where ¢ is the phase angle given by —(w,v%dt + wyvéét), i.e. it is a
function of the velocity (v%,v:) of object i.

Rewriting equations 3.5 and 3.6, dropping the (wg,wy) for the sake
of brevity whilst remembering that we are dealing with complex values
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Figure 8.3. Evolution of the Fourier phasor components of two additive images us-
ing the resultant phasors. Each vector is shown at time ¢y, t1, t2, and t3. Both
constituent phasors are rotating with distinct constant angular velocities since the
images are undergoing a spatial shift. The angular velocities are dependent on both
the spatial frequency and the velocity of image translation. The goal is to compute
the constituent phasors at to from the four resultants.

defined on a 2-D domain, and letting e Hwavidttwyvydt) — A®?, a com-
plex variable representing the frequency- and velocity-dependent phase
change, we have:

m
Fiy = Fi, (3.7)

=1
i, =Fi,(a0))" (3.8)

tn, — " to -
Combining 3.7 and 3.8, we have
g Y
Fiy =3 Fiy (A%°) (3.9)
=1

If we have 1 = m distinct individual images, equation 3.9 implies that
we have 2m complex unknowns (i.e. 3;0 and A®?) and, consequently,
we can solve for these 2m unknowns if we have 2m constraints. These
constraints are derived from equation 3.9 by making j = 2m observa-
tions for Fy; (i.e. by using j = 2m composite images in the temporal
sequence). That is, for a given spatial frequency (w,wy), we observe the
Fourier transform Fy; at time 29,%1,...,%j,...,%2mn and solve the resul-
tant 2m simultaneous equations (of degree 2m—1) in complex unknowns

io and A®*, each equation being derived from equation 3.9.

In the simplest non-trivial case, m = 2, there are two distinct ob-
jects (see Figure 3.3). This is the familiar figure-ground segmentation
problem. In this case, we have

Fo = Fl(a2!) +F,(a92)" (3.10)
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Fo = Fi(a0) 17 (a0?) (3.11)
Fo = Fi(a9)) +F (a9?)" (3.12)
Fo = Fi(a9)) +F (a9?)° (3.13)

This set of four simultaneous equations has a closed-form solution:

AD! = —1)2;(;/2 (3.14)
AD? = _b%aﬁ (3.15)
Fi, = % (3.16)
F, = H (3.17)

where a = (Ft1)2 — FioFy, b= FyFyy — Fy Fyyy ¢ = (th)2 — F4,Fy;, and
z = b% — 4ac = o + i with

4 - 1 1
[y (o) ]

- 1 1

@ 2+82\ 2 A —a a2+82\ 2
Ji=d * _(%ﬁ) +Z<+f+ﬁ> ], B <0
+/a, B=0,a>0

| Fiv—a, B=0,a<0

To summarize, given the four combined images fi;(z,y) or, actually,
their Fourier transform F;(wg,wy), at times to,?1,%2, and t3, we can
compute the two component Fourier phasors and their angular velocities
(or, equivalently, the velocity of the two component images in the space
domain).

3.3 COMBINING PHASORS

There remains, however, one problem. The assignment of A®! rather
than A®? in equation 3.14 and vice versa in equation 3.15 (and, hence
the assignment of F}, and F} in equations 3.16 and 3.17) is arbitrary and
the alternative assignment is equally valid. In general, there is no neces-
sary consistency in their assignments at different spatial frequencies, i.e.



Monocular Vision — Segmentation in Additive Images 35

nothing in equations 3.14 - 3.17 guarantees that Ft belongs to image 1
and that F2 belongs to image 2. More importantly, if we assume that F1

belongs to image 1 and that F2 belongs to image 2 at a particular spatlal
frequency (wg,wy), there is no guarantee that this assumption will be
valid at another spatial frequency. Consequently, once Ft (wm,wy) and
F? (wg,wy) have been solved for all spatial frequenmes Wy, Wy, it is still
necessary to sort these sets of F} (wg,wy) and F} (ws,wy) into two image-
specific groups. That is, we actually have at this point two sets of phase
changes {A®4} and {A@B} and two corresponding sets of Fourier com-
ponents {F4} and {FB}. These sets need to be sorted into two new sets
{F'} and {F?} corresponding to the two individual component images.
We can do this based on the regularity of the incremental phase change
A® as a function of frequency (wy,wy) [370]. Specifically, we have:

A@(ww, (A)y) = e_i(UE Wx 5t+’uy wyét)
!0 ) (3.18)
For a given image 1, ( UL, y) is constant. Thus a given image ¢ will exhibit
a phase change 545((%, wy):

Sp(wy, wy) = — (Viwydt + véwyét) (3.19)

which will differ for each image 7. Assuming 6t = 1, equation 6.1 is
the equation of a plane in w, — w, space; the plane contains the origin
(wg,wy) = (0,0) and the direction of its normal depends on the partic-
ular values of the velocity components v, and v, (see Figure 3.4). Since
we require that each image is translating with a different velocity, i.e.
(vm,vy) % (v%,vi) i # j — otherwise there would be nothing to distin-
guish the two images — to sort the components of the two images we
simply need to identify the two velocities (v}, v y) and (v2, 'uy) which will,
in turn, allow us to identify the corresponding expected phase change for
images 1 and 2. Let these expected phase changes be denoted d¢. (wy, wy)

and 62 (wg,wy), respectively. Then we assign a component FA(ww,wy)
to image 1, 4.e. we include it in {F'}, if ‘(5(]% — (5(,25‘4‘ < ‘(5(;5? — 6¢?|, oth-
erwise we assign it to {F2}; FB(w;,w,) is assigned to the other image.
Note that d¢. and d¢? are computed modulo 27 to ensure that these
expected phase changes wrap in the same way as do the solved phase
changes §¢? and 647,

It only remains, then, to identify the two velocities (v, v ) and (vZ, v3).
We do this using a Hough transform. From equation 3.19 we have:

1
wyét

vy = (0p(wg,wy) — wzv561) (3.20)
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$Pp(we, wy) 0

Figure 8.4. The variation of phase change d¢(wz,wy) with spatial frequency (wz,wy)
is defined by the plane equation d¢(ws,wy) = —(viws6t + viw,dt). The attitude of
the plane is determined by the velocity components (vg,vy). Note that the plane
passes through the origin (w, = 0,w, = 0).

This equation represents a Hough transform in the two variables (v, vy)
which we solve for all d¢(wy,wy), wy,wy, and v,;. Note that d¢(wy,wy) is
computed as follows:

dp(wg,wy) = arctan(SAPR(wyz, wy), RAP(wy, wy)) (3.21)

where SA®(wy,wy) and RAP(w,, w,y) are the imaginary and real parts
of A®(wy,wy), respectively.

Local maxima in this Hough transform space represent the velocities
which are exhibited by the frequency components. In this case, there
are two velocity maxima, one corresponding to image 1 and the other to
image 2. The location of these maxima give us (vy,v,) and (vZ,v;) and,
thus, we can proceed to sort the components.

Note that the Hough transform equation 3.20 becomes degenerate if

wy = 0 in which case we use an alternative re-arrangement as follows:

dp(wg, wy) (3.22)

Ve = Wy 0t

4. APPLICATION OF THE TECHNIQUE
4.1 SYNTHETIC IMAGES

In Figure 3.1, we showed a sequence of four composite or additive im-
ages fi;(7,y), j = 0,1,2,3, together with the component images ftlj (z,y)
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and ftzj (z,y) which were used in forming that sequence. Figure 3.5 shows
the same sequence of four composite images together with the results of
applying the separation algorithm just described, i.e. it shows the recon-
structed versions of images fi (z,y) and f2 (z,y). For the sake of com-
parison, the original images are also shown. The Hough transform for
this sequence is shown in Figure 3.6; the two maxima are clearly visible
and their positions indicate the velocities of the two component images.
The corresponding map of phase changes A® for images F!(w,,w,) and
F?(wz,wy) are shown in Figure 3.7.

Figures 3.8 and 3.9 show the result of applying the separation tech-
nique to the same images as those shown in Figure 3.5 but for a range
of image velocities.

It is clear from Figures 3.5, 3.8, and 3.9 that excellent separation
can be achieved. This is to be expected since the problem is well-posed
and exactly determined. However, it is evident that there is a small
residual error in all of the images manifested by a form of ‘streaking’.
These errors are due to the impossibility of solving for some spatial
frequencies, specifically those for which the phase change is identical
in the forground and background. Note that there is always a set of
such frequencies. Recall equation 3.19 which defines the phase change
in terms of velocity and spatial frequency:

6 (e, wy) = —(viwz5t+v;wy6t)

For a given velocity, this equation defines a plane through the origin
in (wg,wy) space and, thus, any two images travelling at distinct ve-
locities will give rise to two intersecting planes (see Figure 3.10.) The
intersection of these two planes defines a line in (w,,wy) space such that
AN (wy, wy) = A®%(wy,wy), i.e., the set of all spatial frequencies which
exhibit identical phase changes. Clearly, there will always be a non-null
intersection and, hence, a non-null set of frequencies for which it will
be impossible to assign with certainty to either the foreground or the
background. Indeed, we won’t even be able to identify the correspond-
ing phasors {F'} and {F2}. The reason for this is rooted directly in the
solution for the Fourier components in equations 3.16 - 3.17.

. Fi, A®? — Fy,
o = A2 —Ad))
) Fi, ADL — F,,
Fio = (AT Ad2)

Since the phase changes A®' and A®? in this instance are the same, the
denominators in these two equations are zero and the solutions are not
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Figure 3.5. A sequence of four additive 256 x 256 pixel images f;; (z,y) at times to,
t1, t2, and t3 is shown in (b) with the image at time to shown in (a) at full resolution;
(c) and (d) show the the original component images f. (z,y) and f7, (z,y) while those
extracted from the composite images are shown in (e) and (f).
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Figure 3.6. Hough transform of the image sequence in fig 3.5; the velocities of the
component images correspond to the positions of the two maxima.

(a) (b)

Figure 3.7. Phase change §¢(wz,wy) = —(viwsdt + viw,dt) for (a) the background
and (b) the foreground images shown in figure 3.5; the phase change is proportional to
intensity, ¢.e. black denotes zero phase change. Each value is computed individually
using equation 3.14.

defined. The streaking in Figures 3.8 and 3.9 is caused by the absence of
these components. If required, the streaking can be removed by appro-
priate post-processing, e.g. conditional averaging in a direction normal
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¥ @ Background Velocity

Vy [ Foreground Velocity

Figure 3.8. Monocular additive sequence: segmentation of the foreground object as
a function of foreground image velocity which varies from (0, 0) pixels/frame to (5, 5)
pixels/frame.
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¥ @ Background Velocity

Vy [ Foreground Velocity

Figure 3.9. Monocular additive sequence: segmentation of the background object as
a function of foreground image velocity which varies from (0, 0) pixels/frame to (5, 5)
pixels/frame.
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5¢(Mm<ﬂy)lo

Figure 3.10. 'The variation of phase change d¢(ws,wy) with spatial frequency (wz,wy)
is defined by the plane equation d¢(wa,wy) = —(viwadt+viwydt). The attitude of the
plane is determined by the velocity components (vz,vy). In this figure, two intersect-
ing planes are shown corresponding to velocities (vq, vy) = (3,3) and (vg, vy) = (2,0)
pixels per frame, respectively.

to the known streaking direction.! The streaking is stronger when the

velocities of the foreground and background are either parallel or orthog-
onal because, in these two cases, the number of spatial frequencies for
which the phase change is exactly equal is at a maximum and, hence, so
too is the number of ‘missing’ phasors (i.e. phasors for which we can’t
produce a solution). This is a result of the sampled nature of the digital
image representation of the spatial frequencies; in a continuous image,
the number of frequencies lying on the line defined by the intersection
of the two phase-change planes is infinite.

Note that there is one empty cell in Figures 3.8 and 3.9; this corre-
sponds to the case where both constituent images are translating with
the same velocity and, consequently, they can’t be separated since there
is nothing to distinguish them.

4.2 REAL IMAGES

Finally, Figures 3.11 to 3.15 show the result of applying the technique
to real scenes.

IThe direction of the streaking is parallel to the direction of the relative velocity of the
foreground with respect to the background.
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(c)

Figure 8.11. Example of removal of reflections: a sequence of four 256 x 256 pixel
images fi;(x,y) at times to, t1, t2, and t3 is shown in (b) with the image at time to
shown in (a) at full resolution; these images show a framed ECCV 2000 logo with a
building reflected in the glass. A detail of this sequence is shown in (c) and (d).

Figure 3.11 shows a glazed picture-frame containing an embroidered
ECCYV 2000 logo? with a telecommunications building reflected in the
glass. Four images in a sequence are shown. Figure 3.11 also shows
a detail taken from this sequence. The results of applying the image
separation to the image sequence of the logo detail are shown in Figure
3.12 with the foreground and background shown in Figures 3.12 (a) and
(b), respectively.

Inspection of these results will reveal imperfections in the image sepa-
ration. In particular, there is a certain amount of low frequency noise and

2ECCYV 2000 — European Conference on Computer Vision
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(d)

Figure 3.12. Example of removal of reflections: the detail of the ECCV 2000 logo
in the frame is shown in (a) while the reflection is shown in (b); an improved result
in (c) and (d) is achieved by using additional post-processing to be described in the
next chapter.

a very minor amount of ‘mixing’, i.e., some residual components of the
foreground can be seen in the background and vice versa. Why has this
occurred? The reason is again related to the solution for the Fourier com-
ponents in equations 3.16 - 3.17 at spatial frequencies which exhibit iden-
tical or near identical phase changes. In the case of synthetic images, we
can compute A®!(w,, wy) and A®?(w,, w,) exactly since the translations
are exactly integer multiples of one pixel. However, for real images, there
is an unavoidable error in computing A®!(wy, wy) and A®?(w,,wy), an
error which propagates in to the computation of Ftl0 and F%o. Normally,
this error is very small but as A®!(wy,wy) — A®?(w,,wy), the relative
error in the denominator becomes large and, hence, so too does the er-
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ror in the computation of F}  and F7. These errors are the cause of the
low-frequency noise in Figures 3.12 (a) and 3.12 (b).

There is yet another problem with the phasors at the spatial fre-
quencies for which A®!(w,, wy) &~ A®?(wy,wy). This problem concerns
the assignment of phasors to either the foreground or the background.
You will recall from Section 3.3 that this sorting or assignment is ef-
fected on the basis of the expected phase changes (derived from the
computed image velocities). If A®(wy,wy) ~ A®P?*(wy,wy,) then we
won’t be able to guarantee the correct assignment and we have to as-
sign the phasors at random to either the foreground or the background.
If we make the wrong assignment, then we will get a ‘mixing’ of fore-
ground and background images. Since A®!(w,,w,) and A®%(w,,wy)
can be computed exactly without error in the case of the synthetic
images, this mixing does not occur. However, in the case of the real
images, with their attendant inaccuracies or errors in the computa-
tion of A®!'(wy,wy) and A®*(wy,wy), the likelihood of incorrect as-
signment of phasors is increased for those spatial frequencies for which
A®Y(wy, wy) = A®?(wy,wy). This results in the slight mixing evident
in Figures 3.12 (a) and 3.12 (b). The solution to both of these prob-
lems is the same: remove those phasors at spatial frequencies for which
A® (wy,wy) ~ A®?(wy,wy). If we do this in an appropriate manner,
we can improve the quality of the results very significantly as shown in
Figures 3.12 (c) and 3.12 (d). We will defer our discussion of the details
of the removal of these phasors to the next chapter when we will meet
this problem again, this time because of errors caused by occlusion.

Consider now figure 3.13 which shows the results of applying the sep-
aration technique to the full ECCV logo and picture-frame. Again,
the presence of low-frequency noise is evident and, indeed, in this in-
stance it is more pronounced. This is due to the fact that the image
sequence is not purely additive: only the part of the image contain-
ing the logo and the reflection is additive and the surrounding frame
and background is not. Actually, we are meeting here a version of the
occlusion problem that we will address in the next chapter. However,
we can see that, with appropriate removal of the phasors at frequen-
cies where A®! (w,, wy) ~ A®%(w,,w,), we can significantly improve the
image separation.

Finally, Figure 3.14 shows an example where the reflection overpowers
or swamps the figure of interest. Even so, good separation is possible.

For completeness, the Hough transforms for both the examples in
Figures 3.12 and 3.13 are shown in Figure 3.15. Comparing these with
the Hough transform for the synthetic image sequence in figure 3.6, we
see that the maxima are not quite as well defined as they are for the
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(d)

Figure 8.13. Example of removal of reflections: the full ECCV 2000 logo and frame
is shown in (a) while the reflection is shown in (b); again, an improved result in (c)
and (d) is achieved by using additional post-processing to be described in the next
chapter.

synthetic images, especially for the background which has a velocity
close to zero. This smearing of the Hough transform space is an issue we
will meet again in the next chapter when we consider occluding images.

5. CONCLUSION

Although additive signals occur more often in, for example, acoustic
domains, additive visual signals do occasionally occur in computer vi-
sion, such as in the case of a scene viewed through a reflective transparent
medium or in digital angiography where images of organs are effectively
superimposed. Such visual signals cause significant difficulties for tradi-
tional filtering techniques but the Fourier technique just presented copes
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() (f)

Figure 8.14. Example of removal of reflections where the reflection overpowers the
figure of interest (a) and (b): the ECCV 2000 logo in the frame is shown in (c) while
the reflection is shown in (d); as before, an improved result in (e) and (f) is achieved
by using additional post-processing to be described in the next chapter.
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(a) (b)

Figure 3.15. Hough transform spaces for the examples shown in Figures 3.11 to 3.13:
(a) Hough transform for the extracted detail image sequence and (b) Hough transform
for the full frame image sequence.

extremely well in such circumstances. That said, for applications where
we are dealing not with the additive superposition of figure on ground
but with the occluding superposition of figure on ground, we must turn
to the occlusion model to be presented in the next chapter.



Chapter 4

MONOCULAR VISION —
SEGMENTATION IN OCCLUDING IMAGES

1. OVERVIEW

In the previous chapter, we developed a model for the separation
or decoupling of m additive images from a temporal sequence of the
sum of these images, where the images are translating with distinct and
unique velocities (including zero velocity). We presented a solution to
the problem for the case where m = 2, i.e. the figure/ground scenario,
and we demonstrated this solution for a number of images. In this
chapter, we will adapt the additive model to embrace situations where
the images are not additive but are, instead, formed by the superposition
of an occluding object or objects on an occluded background. That is,
the approach will be modified to effect a model-free segmentation of
objects undergoing translatory fronto-parallel motion in dynamic image
sequences. As with the additive case, object velocities of one pixel per
frame are sufficient to achieve segmentation.

We begin by extending the Fourier model presented in the previous
chapter to include explicit occlusion components. It turns out that the
resultant model is ill-posed in the sense that it is not possible to provide a
sufficient number of constraints to fully determine the attendant system
of equations and, consequently, we are forced to develop an approximate
solution. Based on an analysis of the errors which result from a direct
application of the additive model, it emerges that inaccuracies are due
not so much to the incorrect solution for the component phasors (and, in
particular, to the inevitably incorrect solution for the occluded phasors)
as they are to the solution for the angular velocity of each phasor. This
means that occlusion can be dealt with by using a more robust approach
for computing the angular velocities. Specifically, we can first use the

49
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additive model to compute an approximate independent estimate of the
angular velocity of each phasor (i.e. the phase change per time incre-
ment for at each spatial frequency), then these approximations can be
pooled and used to compute the object velocities, and finally, knowing
an object’s velocity we can compute the true angular velocity for each
object. This, in turn, allows us to solve for each Fourier component, as
before. In a manner which is analogous to that described under identical
circumstances in the previous chapter, residual errors arise at frequen-
cies where the phase changes are almost equal and these are eliminated
in the same way by well-formed frequency-specific filtering.

2. FIGURE-GROUND SEGMENTATION OF
OCCLUDING TRANSLATING OBJECTS

The model developed so far assumes that the component images com-
bine additively to form the resultant image. Although there are im-
portant situations or applications where this assumption is valid, e.g.
superposition of reflections on an image acquired through a transparent
medium, there are many more situations where it is not. In particu-
lar, the common situation where a moving object occludes a (possibly
moving) background violates the assumption (see Figure 4.1). Although
the approach described in the previous chapter does in fact produce
a reasonable segmentation of the occluding forground objects from the
partially occluded background, the results are inevitably imperfect. Our
goal in this chapter is to develop the approach so that it can deal with
occlusion.

We begin by identifying the cause of the errors which occur when the
additive model is applied directly. Recall equations 3.10 to 3.13:

Fo = Fh(a9)) + 7 (a9?)" (4.1)
Fo = Fl(a9) +F(a92) (4.2)
F, = F%O(A¢1)2+F30(A<I>2)2 (4.3)
Fo = Fl(a8') +F,(a9?)" (4.4)

At time %y, an occluded image is still accurately represented by equation
3.10, i.e. the composite image is the sum of the occluded object (or
image) and the background object (or image), assuming the background
occluded image signal has a zero value wherever the occluding image
is non-zero, i.e. assuming that there is nothing behind the occluding
object. Figure 4.2 shows a characterization of this situation. Of course,
such a situation rarely happens in reality since there is almost always
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fto(w:y) ftl(-l',y) ftz(way) fts(xay)

Figure 4.1. A composite occluding image sequence f;;(x,y). In this case, m, the
number of images, is equal to 2. The goal is to compute ftlj (z,y) and ffj (z, ),
knowing only f, (x,y).

a non-zero occluded signal. Nonetheless, if we aren’t interested in this
occluding signal, i.e. if we don’t need to recover what is hidden by the
foreground and if we then allow the assumption of a zero ‘hole’ behind
the foreground, then equation 3.10 does hold.

However, there is still going to be a problem with equation 3.11. At
time t1, when the object and/or the background object has moved, there
will be a change in the spectral content of the image due to the appear-
ance of visual information in the background which was previously oc-
cluded at time ¢y and to the disappearance of visual information which
is now occluded at time ¢; (remember that the velocities of the occluded
and the occluding object are different). We will call this revealed /hidden
signal the occluded residue or simply the residue. Consequently, to ren-
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Figure 4.2. An image of composite objects is the sum of the two images in a
figurative sense for an occluding foreground if we assume that there is ‘hole’ behind
the foreground object.

der equation 3.11 accurate again we must include a new term F? to
represent the residue. Equation 3.11 now becomes

Fi, = FL (Acbl)l +F2 (A<I>2)1 +F? (4.5)

Similarly, at time ¢, we must again add a new residue term F* and, in
addition, we must alter the phase of the previous residue F3 to reflect
the translation of the background. Consequently, we must alter the
phase either by A®! or by A®? depending on whether Ftl0 or F%O is the
background. Since we don’t know which is the case at this point, we
choose, arbitrarily, F%O as the background occluded image and Ftlo as the
foreground occluding image. Equation 3.12 then becomes:

Foo = Fly (021)" + 2, (827)" + P (a9?) 1 F* (4.6)
In the same way, equation 3.13 becomes:
o (a0) R (a0 (0) P (30 4P a0

Now, instead of four complex unknowns as in the additive situation, we
now have three additional unknowns, making a total of seven. Conse-
quently, the system is underdetermined. Unfortunately, every time we
add a new constraint, we also introduce an additional unknown repre-
senting a new residue — there is always a hidden signal which is revealed
when the foreground moves relative to the background. As a result, we
can’t proceed to solve the new set of equations in a straightforward
manner.

In order to make the problem tractable, we must adopt an alternative
strategy, the basis of which lies in the observation that, for small ve-
locities, the residue forms a very small part of the overall image. From
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Parseval’s theorem, this equates to saying that the change in the spectral
energy in the images is very small and the error introduced by ignoring
the residue should also be small. But when we do ignore the residue
by using the additive model, it is clear that the errors are not small at
all. On the contrary, they are quite significant. This leads us to the
conclusion that the errors are due not so much to the spectral energy
and the computation of the magnitude of the Fourier components but
instead to the computation of their phases and, by extension, to the
computation of their temporal phase changes A®' and A®2. This has
been borne out by empirical investigation. Consequently, the solution to
the residue problem is to adopt a new strategy to estimate the correct
phase changes A®' and A®?, and then to proceed as before to solve for
the Fourier components Fj and F7. Essentially, after identifying A®*
and A®? for each phasor in isolation, we exploit the velocity-dependent
and frequency-dependent regularity of A®! and A®? to allow us to pool
the incorrectly solved values and estimate the true values. We will set
out this procedure in detail in the next section.

2.1 SOLUTION FOR THE PHASE CHANGES
Recall equation 3.19 in Chapter 3:

0p(wyy wy) = —(Viw, 6t + v;wyét) (4.8)

As we have seen previously, this equation implies that the phase changes
for a given velocity lie in a plane through the origin in the spatial fre-
quency domain (wg,wy). In the occluded case which we are addressing in
this chapter, we first solve for A®! and A®? as in the additive case using
equations 3.14 and 3.15 in the previous chapter, i.e. by assuming the
residue is zero and that the additive model is faithful. For convenience,
we reproduce equations 3.14 and 3.15 again here:

AD = Zﬁ%%@ (4.9)
AP? = Zﬁi%@ (4.10)
Fi, = Eﬁéﬁ;ig% (4.11)
P Fio A — Fy, (4.12)

o T (AD — AD2)
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where a = (Ft1)2 — FioFy, b= FyoFys — Fy Fyyy ¢ = (th)2 — F4,Fy;, and
z = b% — 4ac = a + i with

r - 1 1
2,32\ 2 _ 2132\ 2
+ (a—|— g-l—ﬂ) +’i( a+ 2a+ﬂ) ]’ B>0

1 1
2232\ 2 _ 2. 32\ 2
Ji= + _<a+ ;+ﬂ) +i( a+ 2a+6> ], B<0

+Va, B=0,a>0

| *ivV—a, B=0,aa<0

However, since the residue is not zero, the solution for each A®!
and A®? will include an error dpg: and dag2. Since these errors are
not systematic for all spatial frequencies (wz,wy), we can estimate the
true value of A®! and A®? by fitting a plane to the erroneous values
ADY = A®l 45551 and AD2 = AD2+,42. Actually, we use the values
A@ll(wx,wy) and A@Ql(wz,wy) to estimate the velocity (U;,v;) of the
foreground occluding object and (U?c,v;) of the background occluded
image using a Hough transform as described in the previous chapter,
thus yielding the parameters of the plane defining the phase changes
for that image and, hence, the true values of A®' and A®? for any
frequency (wg,wy).

We note here one small but important difference between this use of
equation 3.19 in solving the phase changes for the occluded model and
its use in the additive model. In the previous case (i.e. the additive
case), we used all spatial frequencies as input to the Hough transform.
However, since we necessarily have to use an estimate in the solution to
the occlusion model, it is clear that each spatial frequency will give rise
to a solution which includes an error. This error manifests itself as a
small variation in the Hough transform solution for v, and v, and, hence,
there is a consequent smearing of the Hough transform space. This yields
a distributed maximum rather than a point-like maximum at the two
velocities (vg,vy;) and (v}, v7). It is significant that these errors grow
with frequency and the higher spatial frequencies give rise to incorrect
solutions for A®' and A®?, i.e. the relative error is larger than the phase
difference. This, in turn, gives rise to erroneous maxima in the Hough
space which swamp the true maxima since the number of high spatial
frequencies quickly out-grows the number of low frequencies. To combat
this, in the occlusion model, we only use the low spatial frequencies to

estimate (v;,vé) and (vg,vg) using the Hough transform.
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(a) (b)

Figure 4.3. Two Hough tranforms computed from the occluded image sequence
shown in Figure 4.1: (a) transform computed with the solutions for the phase changes
at all spatial frequencies; (b) transform computed using only those frequencies (wz,wy)

2, max max : : :
where |w;| + |wy| < Fwzy” Where w;'y™ is the maximum spatial frequency.

Figure 4.3 shows two Hough transforms computed from the occluded
image sequence shown in Figure 4.1. The first transform was computed
with the solutions for the phase changes at all spatial frequencies while
the second was computed using only those frequencies (w,,w,) where
lwe| + |wy| < %wfcn;" where wys* is the maximum spatial frequency (see
Chapter 2, Section 1.2). The factor % is a somewhat arbitrary cut-off

value which yields good results.
Having computed the velocities (v., v;) and (v2, UZ), we can then com-

pute an estimate of the true incremental phase change A®'(w;,w,) and
A®?(wy,wy) for each Fourier component, i.e. at each spatial frequency.
Specifically, we have

A(I)l — e—i(wmviét+wy7’§6t) (413)

and, hence,
R(AD') = cos(wyvldt + wyvgdt) (4.14)

F(ADY) = sin(wyvldt + wyvéét) (4.15)
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2.2 SOLUTION FOR THE FOURIER
COMPONENTS

At this point, we have ‘solved’ (or, rather, estimated) two of the un-
knowns A®! and A®?, and it remains simply to solve for the Fourier
components Fj and F} using equations 4.11 and 4.12. Note that we
now solve these equations for all spatial frequencies, even though we
only used the low spatial frequencies to estimate the phase changes A®!
and A®?.

There remains one problem, however, a problem which is analogous
to the one we met with the additive images concerning the solution of
Fourier components at frequencies which exhibit identical phase changes
A®! and A®%. As before, equations 4.11 and 4.12 are degenerate if
A®' = A®?, that is, if the incremental phase change of the occluded
and occluding objects are equal. Unfortunately, matters are somewhat
worse here since significant errors also arise as A®! — A®? because
the numerators in equations 4.11 and 4.12 involve an estimate of A®!
and A®? rather than an exact value. Hence, the relative magnitude of
the error inherent in this estimate grows exponentially as A®' — A®?,
that is, as the denominator approaches zero. To eliminate the influence
of these errors on the computation of the occluded and occluding sig-
nal, F%O and F%O, we must modify them as A®' — A®2. In particular,
we modify all Fourier components F?O and F%O whose associated phase
changes satisfy the following condition:

AD! — AD?| < TUmay (4.16)

where 7 is some specified tolerance and vy, is the magnitude of the
maximum velocity exhibited by either the occluded or the occluding
image.

We do not, however, simply remove these components (i.e. assign
them a value of zero) since this would be equivalent to the implemen-
tation of an ideal pulse-shaped band-stop filter. Instead, we attenuate
progressively the band-stop frequencies before computing the inverse
FFT of the occluding and background images. The approach we have
adopted is to attenuate frequencies satisfying equation 4.16 according to
the function

C(1a®! — AB2] )\
Gl (i wy) = F%(;2<ww,wy)(sm<¥x§>> (w17)

TVUmax

if |A<I>1 — Aq>2| < TV

G%(;Z (Wg,wy) = F;&Q(ww, wy ), otherwise (4.18)
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The exponent n > 1 determines the slope of the filter cutoff. As
n — oo, the filter approaches an ideal filter. In the following, un-
less stated otherwise, we use values of 7 = 0.15 and n = 1 throughout.

3. APPLICATION OF THE TECHNIQUE

In the following, we will evaluate the technique using both synthetic
images and real images: the synthetic to assess the performance as a
function of object velocity and image complexity and the real to assess
the performance in dealing with scenarios which violate the assumptions
of homogeneous fronto-parallel object translation.

3.1 SYNTHETIC IMAGES

Figure 4.4 shows a sequence of four composite occluding images fi; (z,9),
j=0,1,2,3, together with the component images ftlj (z,y) and ft2j (z,y)
which were used in forming that sequence. This test scenario comprises
two images: a background seaside scene and a foreground seagull. The
background scene and the foreground seagull move independently of one
another with velocities! (v;,,vy,) and (vg,,vy,), respectively. The tech-
nique was tested for velocities in the ranges (0,0) < (vg,,vy,) < (4,0)
and (0,0) < (vg,,vy,) < (5,5), in increments of one pixel. Figure 4.4 also
shows the results of applying the segmentation algorithm just described
for (vg,,vy,) = (2,0) and (vg,,vy,) = (3,3), i.e. it shows the recon-
structed versions of images f£ (z,y) and f2 (z,y). The Hough transform
for this sequence is shown in Figure 4.5; the positions of the two maxima,
indicate the velocities of the two component images. The correspond-
ing map of phase changes A® for images F'(wy, wy) and F?(wy,w,) are
shown in Figure 4.6.

Figures 4.7 and 4.8 show the result of applying the separation tech-
nique to the same images as those shown in Figure 4.4 but the full range
of test velocities (0,0) < (vg;,vy,) < (4,0) and (0,0) < (vg,,vy,) <
(5,5).

Note that there is one empty cell in Figures 4.7 and 4.8; this corre-
sponds to the case where both constituent images are translating with
the same velocity and, consequently, they can’t be segmented since there
is no relative motion by which they can be distinguished.

3.2 REAL IMAGES

Figure 4.9 shows a sequence of four images of an indoor scene where
an SLR camera occludes a set of books. Although the background,

Welocities or displacements/frame.
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Figure 4.4. A sequence of four occluding 256 x 256 pixel images fi, (x,y) at times to,
t1, t2, and t3 is shown in (b) with the image at time to shown in (a) at full resolution;
(c) and (d) show the the original component images f. (z,y) and f7, (z,y) while those
extracted from the composite images are shown in (e) and (f).
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Figure 4.5. Hough transform of the image sequence in fig 4.4; the velocities of the
component images correspond to the positions of the two maxima.

(a) (b)

Figure 4.6. Phase change §¢(wz,wy) = —(viwsdt + viw,dt) for the (a) background
and (b) foreground images shown in Figure 4.4; the phase change is proportional to
intensity, i.e. black denotes zero phase change.

comprising the spines of each book, is almost planar and will thus have
a homogeneous velocity as required by the model, the foreground, i.e.
the camera, is a 3-D object and each part will have a slightly different
velocity, thereby violating the assumption on which the model is based.
Nonetheless, the technique successfully segments the camera foreground
from the book background.
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\ @ Background Velocity

Vy [ Foreground Velocity

Figure 4.7. Occlusion model: segmentation of the foreground object as a function of
foreground image velocity.
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\ @ Background Velocity

Vy [ Foreground Velocity

Figure 4.8. Occlusion model: segmentation of the background object as a function
of foreground image velocity.
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i

(d)

Figure 4.9. Example of figure/ground segmentation in real scenes: a sequence of four
256 x 256 pixel images fi;(x,y) at times to, t1, t2, and t3 is shown in (b) with the
image at time to shown in (a) at full resolution. The computed figure and ground
images are shown in (c) and (d).

A similar scenario is shown in Figure 4.10 where the camera is replaced
by a coke can with almost equivalent results.

In the scene shown in Figure 4.11, the camera is positioned in the
background in front of the books but behind the coke can so that the
background is now quite definitely non-planar and the model’s assump-
tions are violated to a greater extent than in the scenes shown in Figures
4.9 and 4.10. Nonetheless, we have again achieved successful segmen-
tation. Note though that there is a faint ‘ghosting’ of the Coca-Cola
writing due to its high contrast in the original sequence.

Finally, we come to an example which breaks many of the assump-
tions upon which the technique is based. Figure 4.12 shows a scene of a
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i St

(d)

Figure 4.10. Example of figure/ground segmentation in real scenes: a sequence of
four 256 x 256 pixel images fi, (z,y) at times to, t1, t2, and t3 is shown in (b) with
the image at time to shown in (a) at full resolution. The computed figure and ground
images are shown in (c) and (d).

building and a car park viewed through a window with the foreground
comprising three objects on the window-sill. In this case, the camera
is translating laterally and the objects in the scene therefore move rela-
tive to the camera. However, some of the vehicles and the trees in the
background are moving independently. In this instance, with so many
violations of the assumptions of unique fronto-parallel object motion, it
is inevitable that the technique will not work perfectly. Nevertheless,
the foreground and the background are successfully segmented albeit
that there are clear artifacts introduced in the process. In the next sec-
tion, we will look at ways in which we can overcome these problems and



64  FOURIER VISION

(d)

Figure 4.11. Example of figure/ground segmentation in real scenes: a sequence of
four 256 x 256 pixel images fi, (z,y) at times to, t1, t2, and t3 is shown in (b) with
the image at time to shown in (a) at full resolution. The computed figure and ground
images are shown in (c) and (d).

improve the results shown in Figure 4.12 (see Figure 4.17 for the final

outcome).
For completeness, the Hough transforms for all four of the examples
in Figures 4.9 to 4.12 are shown in Figure 4.13.

4. IMAGE COMPLEXITY

At the outset, in Chapter 1, we claimed that the visual space-domain
complexity of the images? is relatively inconsequential because the seg-

2By visual space-domain complexity, we mean the complexity of the 2-D image pattern, not
the spatial complexity of the underlying 3-D scene.
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Figure 4.12. Example of figure/ground segmentation in real scenes: a sequence of
four 256 x 256 pixel images fi, (z,y) at times to, t1, t2, and t3 is shown in (b) with
the image at time to shown in (a) at full resolution. The computed figure and ground
images are shown in (c) and (d). See Figure 4.17 for an improved segmentation of
this scene.

mentation is effected in the Fourier domain. In this section, we will
provide some empirical substantiation for this claim.

Figure 4.14 shows a foreground and a background image of Gaussian
noise (p = 0;0 = 10), each image having been created independently,
together with their additive and occluding superposition at time ty. It
also shows the result of separating the additively-generated composite
images based on the sequence at time ty, 1,72, and ¢3 using the addi-
tive model and the result of segmenting the occlusion-based composite
images using the adapted occlusion model. These results are based on
a background image velocity of (2, 0) pixels per frame in the z and y
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(c) (d)

Figure 4.13. Hough transform spaces for the examples shown in Figures 4.9 to 4.12.

direction, and a foreground image velocity of (3, 3) pixels per frame. In
both cases, almost perfect segmentation has been achieved.

As another example, Figures 4.15 and 4.16 show two variations of
the so-called ‘Picket Fence’ scenario where a background is visible only
through gaps in the foreground object [39]. In the first variation, the
background seaside scene is occluded by a foreground comprising a series
of randomly textured horizontal bars where the foreground and back-
ground velocities are (3, 0) and (1, 0) pixels/frame, respectively. Apply-
ing the occlusion model with a very low threshold on attenuation 7 =
0.01 results in excellent segmentation. This is primarily due to the fact
that the changes in the background scene due to occlusion are very small
since the direction of motion is parallel to the major axes of the bars;
in effect, we have a good approximation to two additive images, albeit
that they are not spatially contiguous. The second variation shows an
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@ (5

Figure 4.14. Separation and segmentation of Gaussian noise (u = 0; o = 10): (a)
and (b) background and foreground at time to translating with velocities (2, 0) and
(3, 3) pixels/frame, respectively; (c) and (d) separation of the additively-generated
composite images; (e) and (f) segmentation of the occlusion-based composite images.
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(2) (b)

Figure 4.15. ‘Picket Fence’ test scenario. (a) The background seaside scene occluded
by a foreground comprising a series of randomly textured horizontal bars (foreground
and background velocities are (3, 0) and (1, 0) pixels/frame, respectively.) (b) The
result of segmenting the sequence using the occlusion model; the threshold on atten-
uation 7 = 0.01.

alternative foreground where change in the occluded background is very
significant (again, we use the same the foreground and background veloc-
ities of (3, 0) and (1, 0) pixels/frame, respectively). Here, the direction
of motion is orthogonal to the major axis of the bars. Note that we re-
quire a larger gap between the bars to ensure that the background signal
does not change completely over the four-image sequence. The occlusion
model (here with the usual threshold on attenuation 7 = 0.15) shows
reasonable segmentation but artifacts due to the change in the occluded
signal are evident, despite the attenuation of frequencies which exhibit
approximately the same phase changes. In this case, we can remedy the
situation by automatically identifying the background pixels and by us-
ing them as a mask to gate (remove) the foreground image. Background
pixels can be very easily identified since these show up as uniform regions
in the segmented foreground image. We have simply used the gradient
magnitude of the foreground image to label the pixels: those less than
a small threshold are deemed to belong to the background. Note that,
in order to maximise the effectiveness of this technique, we have used a
threshold on attenuation 7 = 1.0 to ensure that all occlusion artifacts
have been removed.

Finally, it is worth observing that the masking approach can be used
with all of the foregoing results if the quality of the segmented images
which have been reconstructed from the resolved Fourier components is
deemed to be of an insufficient standard. For example, Figure 4.17 shows
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Figure 4.16. ‘Picket Fence’ test scenario. (a) An alternative foreground resulting
in significant change in the occluded background. (b) The result of segmenting the
sequence using the occlusion model (7 = 0.15); artifacts due to the change in the
occluded signal are evident. (c) Mask generated by isolating uniform regions in the
segmented foreground when all the artifacts have removed ( 7 = 1.0). (d) The seg-
mented background computed by gating with the foreground mask.

the results of applying this masking technique to the window scene in
Figure 4.12.

5. OUTSTANDING ISSUES

Although the results of the technique are more than satisfactory, the
approach presented so far does suffer from a number of constraints con-
cerning the number of independent motions exhibited in the scene and
the nature of those motions. We have seen that we can overcome these
to an extent using the ‘masking’ approach shown in the previous section.
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(c)

Figure 4.17. Example of figure/ground segmentation in real scenes: a sequence of
four 256 x 256 pixel images fi, (z,y) at times to, t1, t2, and t3 is shown in (b) with
the image at time to shown in (a) at full resolution. The computed figure and ground
images are shown in (c) and (d).

However, before finishing up, it’s worth taking a little time to consider
how we might tackle the problem in a more general way.

5.1 THE THREE-OBJECT MODEL

In this book, we deal only with figure-ground segmentation and the
solutions presented are restricted to this scenario. However, there is
nothing in the theory which requires this restriction and it is possible to
extend the model to deal with, for example, the segmentation of three
objects moving with distinct velocities. In this case, we need a system
of six equations of the same form as equation 3.10 to 3.13 and a six-
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image sequence, rather than a four-image sequence. The solution of this
system of equations is left as an exercise for the author!

5.2 COMPLEX MOTION

The approach that has been presented assumes pure image/object
translation. Many situations, at least to a first approximation, satisfy
these conditions, especially if the sampling period is small enough. In
general, however, objects may exhibit a more complex motion, especially
if they are deformable or if they are comprised of multiple linked parts,
such as a person running. So, what can we do to deal with these situa-
tions? Is the approach of any value in the general case? The answer is
‘potentially yes’, if we adopt an active approach the image acquisition
and employ a focus of attention technique, windowing (or apodizing) the
area, of interest, typically using a Gaussian function. Again, a sustan-
tiation of this claim is left as an exercise for future work although it’s
worth remarking that we have used exactly this approach in Chapter
8 to deal with the computation of multiple optical flow vectors in the
vicinity of occluding boundaries.

Having completed this presentation of the Fourier segmentation tech-
nique, it is probably appropriate to finish up by considering very briefly
the alternatives for motion segmentation.

6. A SAMPLE OF MOTION/STEREO
SEGMENTATION TECHNIQUES

The computer vision literature is replete with various techniques for
segmentation using optical flow and stereopsis. In this section, we take
a cursory look at some representative approaches.

Our first example is due to Santos-Victor and Sandini [291, 292] who
use the normal component of an optical flow field to estimate the affine
transformation approximating the motion of the ground-plane on which
a camera-bearing robot is travelling; this allows the imaged optical flow
field to be inversely-projected onto the ground plane yielding a very
regular flow-field. Obstacles lying on the ground-plane can then be easily
detected by deviations away from this expected flow-field.

Wang and Adelson [382] have developed an affine-clustering technique
for motion segmentation which estimates the affine motion parameters
for a set of non-overlapping rectangular regions based on a dense optical
flow field. Affine parameter sets which are considered sufficiently reliable
are then clustered into a small number of classes, following which each
flow vector is assigned to one of these classes, thus accomplishing the
segmentation.
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Borshukov et al. [47] have introduced a multi-pass variation on this
approach which, instead of clustering the reliable affine parameter sets,
finds the dominant affine motion, assigns the matching flow vectors to
that class, removes them from further consideration, and then, in exactly
the same way, identifies the next dominant motion and labels vectors
accordingly. In effect, and allowing for isolated regions, this continues
until all flow vectors (and, hence, image points) are classified.

Motion segmentation techniques which exploit optical flow are strongly
dependent on the accuracy and validity of the flow field. Most optical
flow estimation algorithms assume a single motion in the local region
in which the flow is being estimated. This can cause significant errors
in a number of important situations, such as at motion boundaries and
in transparent and reflective scenes. Bergen et al. [39] have addressed
this problem directly and they have introduced a technique which can
compute two motions in a single neighbourhood. This is achieved by
assuming an initial estimate of one motion, using this to warp or regis-
ter three images in an image sequence to null that component, forming
two new images representing the difference between the three ‘regis-
tered’ images, and then applying a conventional single-motion optical
flow technique to the two difference images to compute the second mo-
tion. New difference images are then formed from images registered with
the second component, based on which a more accurate estimate of the
first motion is computed. This iterative process continues until succes-
sive estimates converge (typically within a few iterations). Whilst this
approach works well, it does not effect any explicit segmentation of the
two patterns which give rise to the motion in the first place although,
as the authors point out, it would provide a powerful component of a
subsequent segmentation process.

Rather than first estimating the optical flow field and then performing
the segmentation, Chang et al. [72] have proposed a Bayesian strategy
for simultaneously estimating the segmentation and the optical flow of
the image sequence. This is accomplished by considering the flow field
to be the sum of a parametric (eight-parameter bilinear or six-parameter
affine) motion — which is interdependent with the segmentation — and
a residual field. The approach proceeds by iteratively maximising the a
posteriori probability of the parametric and residual flow fields and the
segmentation mapping.

Recently, Irani and Anadan [157] have proposed a strategy for the in-
tegration of techniques for the detection of moving objects imaged by a
non-stationary camera to facilitate the analysis of scenes of incrementally-
increasing complexity (ranging from approximately planar 2-D scenes
to 3-D scenes exhibiting 3-D parallax). The key idea is that indepen-
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dently moving objects can be detected by determining local misalign-
ments of two images which have been registered to compensate for the
camera motion and the 3-D parallax. In the 2-D case, the dominant
motion due to camera movement is ultimately modelled as an eight-
parameter quadratic transformation. This is then extended to encom-
pass 3-D scenes which admit the modelling of camera-induced motion
by a number of distinct 2-D parametric models, each corresponding to
a distinct (depth) layer in the 3-D scene. In more complex situations,
where such an assumption of multi-layered scenes is not valid, the 3-D
parallax is explicitly modelled by identifying the epipolar geometry af-
ter compensation for the camera rotation and zoom. Independent object
motion is detected by identifying regions which violate the epipolar im-
age motion. Images exhibiting both sparse and dense 3-D parallax are
catered for.

Other representative approaches to motion segmentation may be found
in, for example, [6, 235, 346, 224, 158, 354] and in the many other refer-
ences listed in the bibliography at the end of the book.

Before proceeding, we note that in recent years the signal processing
community has also addressed the problem of signal separation from a
slightly different perspective: that of blind systems identification and, in
particular, that of blind signal separation. When one is concerned with
the separation of additive (mixed) source signals impinging on a phased
array of sensors (typically antennae), the problem is often referred to
as blind beamforming which can be tackled using both deterministic
algebraic methods [365, 278] or statistically using classical approaches
[68] or neural networks [14]. Phased array algebraic techniques typically
only deal with modulated narrow-band signals (where the time delay
in arrival of the signal results in a phase shift of the base-band signal),
whilst statistical techniques require that the signals are statistically-
independent.






Chapter 5

ARTICULATED BINOCULAR VISION

1. MOTIVATION

The previous two chapters have shown that, in order to accomplish fig-
ure/ground segmentation based on the relative motion between objects
in a scene, four distinct images are required to provide sufficient con-
straints on the four ‘unknowns’ of foreground, background, and their re-
spective velocities or displacements. This is true irrespective of whether
the relative object motion arises from independent movement of the ob-
jects or from camera motion. Essentially, a quadocular configuration is
required, i.e. we need four images acquired at four equally-spaced po-
sitions xg, z1, 2, x3. If we are dealing with a translating camera rather
than four distinct fixed cameras, then x; = vt; where v is the camera
velocity and ¢; represents the time at which image ¢ is acquired. Often,
a binocular configuration is desirable. The question which arises then is:
Can we effect image segmentation if we have two samples from each of
two cameras? That is, can we combine spatial and temporal sampling
in a unified spatio-temporal framework? Intuitively, it would seem that
we can and the purpose of this chapter is to show formally how this can
be achieved.

In Chapter 6, we will show how we can go even further and how, in
certain circumstances, we can in fact accomplish figure/ground segmen-
tation with just fwo images acquired either from a binocular camera
configuration with a small inter-camera baseline or by translating a sin-
gle camera by a small amount. Even though this development depends
on a restricted form of movement of the camera and is therefore less gen-
eral than the formulation presented in this chapter, it is in some senses
more useful since it requires less information to effect segmentation. So,

75
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with this in mind, we will present the theoretical development of artic-
ulated binocular vision in this chapter without empirical validation and
then proceed directly to the two-image scenario in the next chapter.

2. OVERVIEW

Our goal here is to show that a moving binocular stereoscopic camera
configuration is indeed capable of yielding sufficient information to effect
figure-ground image segmentation if we have two temporal samples. As
we shall see, the approach depends on the use of both fixation and
vergence, and it provides a sound theoretical basis for understanding
why both are of practical use in constraining the segmentation problem.

We will begin by identifying all of the possible constraint equations
which arise when we sample the scene in two dimensions: one spatial
and one temporal (i.e., left and right cameras at two different times).
Thus, we have two types of displacement: spatial and temporal. Note
that temporal displacement may or may not involve a spatial movement
of the binocular camera configuration. For example, if we are observing
a dynamic scene, we simply require two samples a two different times
without any camera movement. On the other hand, if we are observing
a static scene, then the camera configuration must be articulated and
samples will be acquired at two different spatial positions and, of course,
at two different times. Once the constraint equations which capture the
model have been set up, the next step is to remove the linear depen-
dence between them and we end up with four simultaneous equations
with eight unknowns. Adding more equations (by moving the head and
making more observations) doesn’t help as every equation introduces a
new unknown. This leads us to the need to consider an alternative way
of constraining the problem. The solution is through the use of vergence
and fixation. If we assume that the foreground object remains static as
we articulate the camera head, i.e., that we fixate on it during motion,
and if we assume also that the motion parallax of the foreground object
is zero, i.e., that vergence angle of the two cameras is appropriately set,
then we can remove four of the unknowns. This results in an exactly
determined system of equations, the solution of which yields the Fourier
components of the foreground and background objects and their spatial
and temporal displacements.

3. THEORETICAL FRAMEWORK

To begin with, let us establish some notation. Since we are using
two sampling dimensions, spatial and temporal, we will use two trailing
subscripts to denote the particular sample. Thus, the image acquired at
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time ¢ = 0 by the right camera in an articulated binocular configuration
will be written F,, ;. Similarly, we have Fy;, Fy,4,, and F; ¢, for the left
images at time ¢ = 0,1 and the right image at time ¢ = 1. The notation
for the phase change must identify whether the shift is due to a spatial
binocular dispacement of the left and right cameras, or due to a temporal
displacement.! We use a trailing subscript to denote this. In addition,
we must identify the time at which the spatial displacement takes place
or, vice versa, the spatial position at which the temporal displacement
takes place. We denote this by appropriately subscripting the subscript.
Thus, the phase change due to camera motion (i.e. temporal sampling)
for the left camera is written A‘I)tx,- Similarly, A®;, denotes the phase
change due to right camera motion, and A®;, and A®;, denote the
phase change due to change in viewing perspectives between left and
right cameras (i.e. spatial sampling) at times ¢ = 0, 1, respectively.
Next, we adapt equations 3.10 and 3.11 to deal with the four distinct
cases of the motion of the left and right camera and stereopsis at time
t =0 and time t = 1.
Motion of the left camera is given by

letO = F;:lto + Filto (51)

Fotr = FouA®;, +Fo, A7 (5.2)
Motion of the right camera is given by

erto = Fslcyto + Ftho (53)

Fmrtl = levrtoAQ%m, + FirtoAégm,

Binocular stereopsis at time £ = 0 is given by

Futo = Foy +F2

zto zito

1 1 2 2
Fm,to = letoAq)ztO + letoAq)Zto

Binocular stereopsis at time ¢ = 1 is given by

1 2
F$1t1 = F.’Elt1 + Fw1t1
Fooy = Fiy A®L +F2, A2

ety — Tty Tty it Tty

IThe term spatial displacement refers to the binocular samples at the left and right cameras,
and the term temporal displacement refers to the sampling in time, i.e., at times to and ¢;.
Temporal displacement may or may not involve a spatial movement of the binocular camera
configuration. In particular, if we are observing a dynamic scene, we simply require two
samples at times to and t;, without any camera movement. On the other hand, if we are
observing a static scene, then the camera configuration must be articulated and samples at
to and ¢1 will be acquired at two different (spatial) positions.
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Apparently, we have fourteen unknowns and eight constraint equations.
However there is significant linear dependence between these equations
and there are in fact only four linearly-independent equations since we
have only four independent observations. This becomes explicit when
we note the following equivalences between images:

Forn = FounA®, (5.9)
Fou, = FruA®f, (5.10)
Foto = FaiueA®s, (5.11)
Fote = FrunA®2, (5.12)

Combining equations 5.1 — 5.8 and 5.9 — 5.12, we get the following:

Foite = F;,to‘FFi,to (5.13)
Fot, = FouA0, +F, AR (5.14)
Fote = FaugA®s, +FaADZ, (5.15)
Foty = Foul®;, ADy +F, AT AG] (5.16)

We now have four constraints and eight unknowns. In order to determine
the system exactly, we need to reduce the number of unknowns by four.
We do this by assuming vergence and fixation. That is, we assume
that the principal rays of the stereoscopic configuration converge on
a single point of attention on the surface of one of the objects to be
segmented (vergence) and that they remain fixed on this point as the
camera configuration moves or as the object moves (fixation). These
two assumptions then imply that all the phase changes associated with
object 1 (say) are unity, i.e. object 1 does not translate as a result of
either the spatial sampling (it has zero disparity) or as a result of the
camera motion (it has zero velocity). Thus, we have:

A%, =A%, =1 (5.17)
AD; =A®; =1 (5.18)
Since A@;tl does not appear in equations 5.13 - 5.16, we have thus
reduced the number of unknowns by only three and we need one fur-
ther restriction. We achieve this by assuming that the translation of

the background occluded image due to the motion of the stereoscopic
configuration is the same for both the left and right cameras:

AD] = AD} (5.19)



Articulated Binocular Vision 79

This will be a reasonable approximation if the camera motion is small
and the background is not very close; it will be exactly true if the direc-
tion of motion is orthogonal to the stereo baseline (or, more correctly,
if it is normal to the plane containing the principal rays). We now have
an exactly determined system of equations:

leto = Filvlto + Fglto (520)
F.’Eltl = F;lto + FgltoAégml (521)
Fute = Faue + Fau A2, (5.22)
Fotr = Fouy + FagA0;, AR (5.23)
Equations 5.20 - 5.23 for Falczto’ Fizto’ A@%ml, and A@ito have the following
solution:
F —F
AR} = me me (5.24)
zito — Y xrto
F —F
AP2 = o o 5.25
o leto - Fl‘ltl ( )
R
FZ t — Zit1 Zto 2
lelto = szto — FZ.Z‘lt() (5.27)

We adopt exactly the same approach to the computation of these
phase changes and Fourier components as we did in the previous chap-
ters, with the small difference in this case that, for situations involving
occlusion, we attenuate frequencies which satisfy the following condition:

‘A@fxl - 1| <rd (5.28)

where 7 is some specified toleralance and d is the magnitude of the
displacement exhibited by the occluded background image due to the
articulated (temporal) shift of the binocular system, i.e. it is the dis-
placement corresponding to AQ%“‘I'

3.1 EFFECTING VERGENCE AND
FIXATION

In the foregoing, we assumed that the vergence of the binocular stereo
configuration on a point of interest and the fixation of the configuration
on that point over time. How then are vergence and fixation to be
effected? There are two issues:
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1. The selection of the fixation point, i.e. the point of intersection of
the principal rays;

2. The achievement of camera vergence.

The first issue belongs to the domain of pre-attentive vision: it is an
area of much active and historical research, within the computer, the
neurophysiological, and the psychological vision communities, and lies
outside the scope of the work described in this book.

On the other hand, the second issue — achievement of camera ver-
gence and fixation — can be dealt with using techniques which are di-
rectly related to the theory being developed here. If we make the as-
sumption that we can extract an image sub-region? surrounding, and
centred on, the camera centre through which passes the principal ray,
then clearly we can also estimate the phase change A® of spatial fre-
quencies in this region. Since a phase change of zero implies that the
image shift is zero — and assuming that otherwise the spectral content
is identical — then vergence and fixation are achieved exactly when the
phase change between the Fourier components of a centre sub-region of
spatially- and temporally-successive image is minimized.

Alternatively, we can identify the vergence and fixation angles simply
by finding the angle which minimises the correlation between the decou-
pled images (i.e. which maximises the decoupling). We can implement
this directly in the Fourier domain by forming the product of the de-
coupled images and choosing the configuration which gives the minimal
product. We note in passing that, if we know the binocular baseline
distance, we need search for only one angle since the vergence angle and
the fixation angle are related.

2In order to minimize ‘edge effects’, the region of interest will typically be an apodized
window, of some appropriate dimension, surrounding the camera centre.



Chapter 6

FRONTO-PARALLEL
BINOCULAR VISION

1. FORMULATION OF THE PROBLEM

In the previous chapters, we discussed how one can segment or de-
couple foreground and background objects in both occluding and trans-
parent additive images using monocular and articulated binocular con-
figurations. In both instances, we required four images to achieve the
segmentation:

m four images at times tg, t1, to, and t3, respectively in the case of the
monocular configuration;

m the left and right images at times ¢y and ¢; in the case of the articu-
lated binocular configuration.

We saw that the need for four images arises directly from the formula-
tion of the problem itself. We have four unknowns: the two objects and
their respective velocities (or their displacements in the case of multi-
ocular vision). Alternatively, in terms of the Fourier theory which we
have been discussing, the four unknowns are the Fourier components of
each of the two objects and their corresponding phase changes:

» monocular: F} ,FZ A®! Ap?

m articulated binocular: Filto,letO,AQ%wl,Aq)gto

It would be very appealing to solve the segmentation problem with
just two images but, on the face of it, this doesn’t seem possible. Since
we have four unknowns, we need four constraints and, hence, four images
and there doesn’t seem to be much we can do to change this. But it turns
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out that in fact there is and, in certain circumstances, we can accomplish
the segmentation with just two images.

In all of the foregoing techniques, we treated each spatial frequency
independently. That is, we solved for each of the four unknown quanti-
ties independently at each spatial frequency (w.,wy) and then we sorted
the Fourier components into two distinct sets (corresponding to the two
distinct objects) on the basis of their respective phase changes. We did
this knowing that the phase change for each constituent image or object
varies regularly with spatial frequency. In fact, as we saw, it lies on a
plane through the origin in (w;,w,) space and the plane is determined
by the velocities of the two objects or images. Using the solved, but
unsorted, phase changes as input, we identify the two velocities or dis-
placements using a Hough transform based on the known relationship
between phase change and spatial frequency. These computed velocities
then form the basis for the final process of assigning the solved Fourier
components into one or other of the distinct object-specific sets.

The key point to note here is that, in the approach we have adopted so
far, we use the phase-change/spatial-frequency relationship to sort the
components after we have solved for them. In this chapter, we will show
that it is possible to solve the figure-ground segmentation problem with
just two binocular images by using the phase-change/spatial-frequency
relationship to compute the values of the two unknown phase-changes
as well as using it as we did before to sort the Fourier phasors once
we have computed them. That is, we use the regularity of the phase-
change/spatial-frequency relationship to identify two parts of the so-
lution. This reduces the number of required constraints from four to
two and, hence, we can accomplish the segmentation with two binocular
images.

We need to make one simple assumption to allow us to develop a
solvable model: that the binocular stereo configuration has a vergence
angle of zero degrees, i.e. that both cameras are pointing in the same
direction so that their optical axes are parallel. This is often referred to
as fronto-parallel binocular stereo and is one of the most common and
simple binocular stereo configurations. Why do we make this assump-
tion? Recall the relationship between phase change, velocity, and spatial
frequency: . _

dp(wz, wy) = —(Vzwz 0t + vywydt) (6.1)

with spatial frequencies (ws,w,) as the independent variables. In this
case, we are dealing with the actual image velocity due to real motion of
the image/object over time. If we are dealing with the apparent velocity
due to the parallax associated with camera displacement in a binocular
configuration, we substitute the dz for d¢ and write the relationship as
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S¢(wz,wy) O 0.4

Figure 6.1. The variation of phase change d¢(wz,wy) with spatial frequency (wz,wy)
is defined by the plane equation d¢(wa,wy) = —(viwzbz + viwydz). The attitude
of the plane is determined by the velocity components (vz,v,). Note that the plane
passes through the origin (w, = 0,w, = 0).

follows: . .
0p(wg, wy) = —(Vpwz0T + vywy, ) (6.2)

Both of these equations define a plane through the origin where the ori-
entation of the plane is defined by the velocity (or displacement) com-
ponents v, and v, (see Figure 6.1).

Now, in the case of a fronto-parallel stereo configuration, the epipolar
lines are parallel to the line joining the optical centres of the two images.
That is, the displacement of each pixel in the image is horizontal. Thus,
the vertical displacement is zero and the plane defining the phase changes
is defined by: .

0p(wg, wy) = —vywe bz (6.3)

Hence, for some displacement v, and at a given horizontal spatial fre-
quency w; the phase changes are identical at every vertical spatial fre-
quency wy. Put another way, the phase changes for a given velocity or
displacement is a linear function of the z spatial frequency w, and only
the z spatial frequency (see Figure 6.2). We’ll see how we can make use
this fact in just a moment. Let’s return for now to the model of our
figure/ground segmentation problem.

2. THE COMPUTATIONAL MODEL

Recall that, with two objects or images, we have:

n n
Ft, (wz,wy) = F%O (We,wy) (A@l(ww,wy)) + F%O (wg, wy) (A@Q(wmwy))
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5¢(wa,wy) 0 0.4

Figure 6.2. The variation of phase change d¢(wz,wy) with spatial frequency (wz,wy)
for a fronto-parallel stereo configuration: the plane is defined by the plane equation
d¢p(we,wy) = —viw,dz. Note that the phase change is a linear function of only the
spatial frequency wy.

where Fi (wg,wy), F% (we,wy), AR (wg,wy), and A®?(wy,wy) are the
Fourier phasors and phase changes of the two constituent objects or
images, respectively, and F;, (w;,wy) is the resultant phasor at time ¢,,.
That is, the resultant phasor at any given spatial frequency (wg,wy)
is the vectorial sum of two phasors, each rotating with distinct and
constant angular velocity. For a fronto-parallel binocular configuration,
the angular velocities are determined by the phase changes:

(a9))" = ¢ (6.4)
_ efiwﬁv;ndz (6.5)

Consequently, the resultant phasor at some spatial frequency traces out
a curve similar to an epicycloid, the shape of which depends on the
relative angular velocities (phase changes) of the two constituent phasors
and on the magnitudes of the two phasors (see Figure 6.3). Note that
the shape of this curve is periodic. Clearly, we will have different curves
at different spatial frequencies, simply because the magnitude of the
constituent phasors will vary. However, the periodicity of the curve is
dependent only on the relative angular velocities: as long as the ratio of
the angular velocities is the same, the periodicity will be identical. The
number of rotations of the ‘outer’ phasor completes for every rotation of
the ‘inner’ phasor in Figure 6.4 will be constant and, hence, so will the
period of the occurrence of the loops in the resultant be constant. Note
that this is true irrespective of the absolute angular velocity of the two
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Figure 6.3. The resultant phasor at some spatial frequency traces out a curve, the
shape of which depends on the relative angular velocities (phase changes) of the two
constituent phasors and on the magnitudes of the two phasors.

Figure 6.4. The period of the resultant’s curve depends only on the relative angular
velocities (phase changes) of the two constituent phasors.

phasors. Also, we always get the same periodic looping no matter what
the magnitude of the constituent phasors.

Now we come to the critical part. The absolute angular velocities are
a linear function of w, and, thus, both of the constituent phasors rotate
at a rate which is proportional to the x or horizontal spatial frequency.
Thus, the geometry of the curve doesn’t change with frequency but the
rate at which it is generated does. Now, we sample the image, i.e. the
resultant phasor’s curves, at some constant rate (i.e. dx = constant).
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Figure 6.5. The curves generated by a series of exemplar resultants, each at a dif-
ferent spatial frequency w,. Note that even though each resultant comprises two
constitutent phasors of different magnitudes, all curves display the same periodic-
ity exactly because their relative angular velocities are identical. The phases of the
resultants increase with spatial frequency w; but they do so non-monotonically.

This means that, although the resultant phasor looping curve retains
the same periodicity, the phase or angle between the two sampled resul-
tants will increase (albeit non-monotonically) with increase in horizontal
angular frequency w;.

Referring to figure 6.5, which depicts the curve traced out by four
exemplar resultants, each at a different frequency, we can see that, for
some horizontal spatial frequency wy:

1. The difference in phase of the resultant will eventually be 27, i.e.
the phase of the resultant will wrap (and it will do so periodically).
That is, the phase change of the resultant will be zero periodically
as a function of w;; we will refer to these frequencies as nwy,,n =
1,2,3,....

2. Equally, for some other horizontal spatial frequencies, the difference
in the magnitude of the resultant will be zero. That is, a zero differ-
ence in the resultant magnitude will occur periodically as a function
of wy; nw,,,,n=1,2,3,....

We make use of these two facts to compute the two phase changes of our
two constituent Fourier phasors A®! and A®? or, equivalently, d¢! =
wyvidr and 6¢? = wyv2éz. Specifically, we note that the period at which
the phase of the resultant wraps (i.e. the phase change of the resultant)
is equal to the period of one of the constituent Fourier components.
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Equivalently, there exists a set of spatial frequencies nw;,,n =1,2,3,...
at which the phase change of the resultant phasor is 2an. We identify
these frequencies empirically by computing the difference in the phase
of the resultant for all spatial frequencies w, and by isolating those for
which the difference equals zero, modulo 27n. Knowing w,,, we can
compute the displacement v, from

0¢p = 2mn = (nwg, )v0z (6.6)
Assuming éz = 1, we have:
27
Vg = E (6.7)

P

Note that we assume arbitrarily that the displacement we are computing
is vg,. Of course, knowing v,,, we can then compute A®!(wy,wy) —

—i(Vzy We 0T) ) and

which is what we really want — as before from A®! = e
we can do so for all spatial frequencies (wg,wy).

Now, it only remains to identify v,,. This we do using the difference
in the magnitude of the resultant.

Referring again to figure 6.5 we note that the period at which the dif-
ference in the magnitude of the resultant phasor equals zero is the same
as that as the period of the loops in the resultant curve. In turn, and as
we saw earlier, the period of these loops is related to the angular velocity
of the ‘outer’ component phasor relative to that of the ‘inner’ phasor,
or, equivalently, it is related to the spatial displacement of one object
with respect to the other, i.e. |vy, — vz,|. That is, and in the same vein
as before, there exists a set of = spatial frequencies nw,,,,n =1,2,3,...
at which the difference of the magnitude of the resultant phasor equals
zero. Again, we identify these frequencies empirically by computing the
difference in the magnitude of the resultant for all spatial frequencies
wy and isolating those for which the difference equals zero, modulo 27n.
Knowing w,, , we can compute the relative displacement |vy, — vy, | from

d¢p = 2mn = (nwy,,) |Vg, — Vg, | 02 (6.8)
Again, assuming dz = 1, we have
2
|U~'C1 - ")582' = (6.9)
Im

Since we already know v,,, we can easily compute v, and, hence, we
can compute Ad?2 = ¢ Hveywzdz)

Finally, we note that, since each curve (i.e. each frequency-dependent
resultant phasor) exhibits the same periodicity at all vertical spatial fre-
quency wy for any given horizontal spatial frequency w,, the periodicity
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of all phasors at frequency (wg,,wy) is identical. Similarly, the period-
icity of all phasors at frequency at wy,, is identical. We use these facts
to eliminate the presence of any degenerate solutions by averaging both
the phase changes and the magnitude changes over all w, and we find
wy, and wy,, by analysing the periodicity of the resulting 1-D signature
— e.g. see Figures 6.8, 6.10, 6.12, and 6.14 (c) and (d).

3. APPLICATION OF THE TECHNIQUE

The following pages (Figures 6.7 — 6.24) show the result of applying
the technique to four data-sets:

1. A synthetic scene comprising two additive images;

2. A synthetic scene comprising two occluding objects;

3. A real scene comprising two occluding binocular images.
4. A real scene comprising two additive binocular images.

The technique evidently works as well as the approaches developed in the
previous chapters. The need to average in the direction of the vertical
spatial frequency wy in order to make the periodicity more accessible
can be clearly seen in all of the following figures.

4. CAVEAT

In the foregoing, we have managed to achieve a useful simplification
of the theory developed in the previous chapters and, in the process,
we reduced the number of images or samples required to accomplish
the segmentation from four to two. It is tempting to assume that we
can apply this two-image approach in general to, for example, the seg-
mentation of scenes with two independently moving objects such as we
discussed in Chapters 3 and 4. Unfortunately, we can’t apply it, at
least not directly. The approach described in this chapter depends on
the fact that the angular velocities of both constituent phasors increase
linearly with frequency and, furthermore, that the variation is confined
to one axis (in this case the z-axis), thereby removing one component
of velocity vector (the y component in this case). This then leaves just
two independent unknown quantities: the two x components of the ve-
locity of each object. These conditions are satisfied if and only if the
velocities of the two images/objects are parallel, which is indeed the case
for fronto-parallel binocular vision. That said, it is plausible to extend
the approach somewhat, relaxing the assumption that the variation is
aligned with the z-axis, by allowing an arbitrary but common axis of
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(a)

Figure 6.6. Synthetic test images: (a) background (b) foreground.

variation: in this case, we would need to first find the axis of varia-
tion (typically by identifying the orthogonal axis along which there is no
variation in phase difference). Unfortunately, the general case where the
objects move independently won’t yield to this line of attack because
the phase differences will vary along every direction.



90  FOURIER VISION

Figure 6.7. Synthetic additive test. (a) Left image. (b) Right image. (c) Segmented
foreground. (d) Segmented background. The foreground displacement is 3 pixels and
the background displacement is 1 pixel.
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ot T MR,
(c) (d)

Figure 6.8. Synthetic additive test: computation of displacements from the difference
of phases and magnitudes of the resultants. (a) Unprocessed phase difference. (b)
Unprocessed magnitude difference. (c) Cross-section through the phase difference
image. (d) Cross-section through the magnitude difference image.
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() (d)

Figure 6.9. Synthetic additive test: computation of displacements from the difference
of phases and magnitudes of the resultants. (a) The phase difference averaged in
vertical spatial frequency (wy) direction; the displacement is computed from v, =
2mn_ where Nwg, are the frequencies at which the phase difference equals zero —

nwa,

these occur at the periodic mimima. (b) The averaged magnitude difference; the

displacement is computed from |ve, — ve,| = jﬂ where nw,,, are the frequencies
Tm

at which the magnitude difference equals zero — again, these occur at the periodic
mimima. (c) Cross-section through the phase difference image. (d) Cross-section
through the magnitude difference image.
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Figure 6.10. Synthetic occlusion test. (a) Left image. (b) Right image. (c) Seg-
mented foreground. (d) Segmented background. The foreground displacement is 3
pixels and the background diplacement is 1 pixel.
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—

() (d)

Figure 6.11. Synthetic occlusion test: computation of displacements from the differ-
ence of phases and magnitudes of the resultants. (a) Unprocessed phase difference.
(b) Unprocessed magnitude difference. (c) Cross-section through the phase difference
image (d) Cross-section through the magnitude difference image.
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() (d)

Figure 6.12. Synthetic occlusion test: computation of displacements from the dif-
ference of phases and magnitudes of the resultants. (a) The phase difference aver-

aged in vertical spatial frequency (w,) direction; the displacement is computed from
Vo, = 22 where nw,, are the frequencies at which the phase difference equals zero

nwa,
— these occur at the periodic mimima. (b) The averaged magnitude difference; the
2mn

displacement is computed from [vy, — vzy| = ™ where nw;,, are the frequencies
Tm

at which the magnitude difference equals zero — again, these occur at the periodic
mimima. (c) Cross-section through the phase difference image. (d) Cross-section
through the magnitude difference image.
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(d)

Figure 6.13. Real additive test. (a) Left image. (b) Right image. (c) Segmented
foreground. (d) Segmented background.
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() (d)

Figure 6.14. Real additive test: computation of displacements from the difference
of phases and magnitudes of the resultants. (a) Unprocessed phase difference. (b)
Unprocessed magnitude difference. (c) Cross-section trhough the phase difference
image. (d) Cross-section through the magnitude difference image.
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(a) (b)
() (d)

Figure 6.15. Real additive test: computation of displacements from the difference
of phases and magnitudes of the resultants. (a) The phase difference averaged in
vertical spatial frequency (wy) direction; the displacement is computed from v, =
2mn_ where Nwg, are the frequencies at which the phase difference equals zero —

nwa,
these occur at the periodic mimima. (b) The averaged magnitude difference; the
2mn

displacement is computed from [vy, — vzy| = ™ where nws,, are the frequencies
Tm

at which the magnitude difference equals zero — again, these occur at the periodic
mimima. (c) Cross-section through the phase difference image. (d) Cross-section
through the magnitude difference image.



Fronto-Parallel Binocular Vision 99

(d)

Figure 6.16. Real additive test. (a) Left image. (b) Right image. (c) Segmented
foreground. (d) Segmented background.
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() (d)

Figure 6.17. Real additive test: computation of displacements from the difference
of phases and magnitudes of the resultants. (a) Unprocessed phase difference. (b)
Unprocessed magnitude difference. (c) Cross-section trhough the phase difference
image. (d) Cross-section through the magnitude difference image.
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(a) (b)
() (d)

Figure 6.18. Real additive test: computation of displacements from the difference
of phases and magnitudes of the resultants. (a) The phase difference averaged in
vertical spatial frequency (wy) direction; the displacement is computed from v;, =
2mn_ where Nwy, are the frequencies at which the phase difference equals zero —

nwa,
these occur at the periodic mimima. (b) The averaged magnitude difference; the
displacement is computed from |ve, — ve,| = jmﬂ where nw,,, are the frequencies

at which the magnitude difference equals zero — again, these occur at the periodic
mimima. (c) Cross-section through the phase difference image. (d) Cross-section
through the magnitude difference image.
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() (d)

Figure 6.19. Real occlusion test. (a) Left image. (b) Right image. (c) Segmented
foreground. (d) Segmented background.
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() (d)

Figure 6.20. Real occlusion test: computation of displacements from the difference
of phases and magnitudes of the resultants. (a) Unprocessed phase difference. (b)
Unprocessed magnitude difference. (c) Cross-section trhough the phase difference
image. (d) Cross-section through the magnitude difference image.



104  FOURIER VISION

() (d)

Figure 6.21. Real occlusion test: computation of displacements from the difference
of phases and magnitudes of the resultants. (a) The phase difference averaged in
vertical spatial frequency (wy) direction; the displacement is computed from v, =
2mn_ where Nwg, are the frequencies at which the phase difference equals zero —

nwa,

these occur at the periodic mimima. (b) The averaged magnitude difference; the

displacement is computed from |ve, — ve,| = 3L" where nw,,, are the frequencies
Tm

at which the magnitude difference equals zero — again, these occur at the periodic
mimima. (c) Cross-section through the phase difference image. (d) Cross-section
through the magnitude difference image.
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Figure 6.22. Real occlusion test. (a) Left image. (b) Right image. (c) Segmented
foreground. (d) Segmented background.
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() (d)

Figure 6.23. Real occlusion test: computation of displacements from the difference
of phases and magnitudes of the resultants. (a) Unprocessed phase difference. (b)
Unprocessed magnitude difference. (c) Cross-section trhough the phase difference
image. (d) Cross-section through the magnitude difference image.
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(a) (b)
() (d)

Figure 6.24. Real occlusion test: computation of displacements from the difference
of phases and magnitudes of the resultants. (a) The phase difference averaged in
vertical spatial frequency (wy) direction; the displacement is computed from v, =
2mn_ where Nwy, are the frequencies at which the phase difference equals zero —

nwa,

these occur at the periodic mimima. (b) The averaged magnitude difference; the

displacement is computed from |ve, — ve,| = jﬂ where nw,,, are the frequencies
Tm

at which the magnitude difference equals zero — again, these occur at the periodic
mimima. (c) Cross-section through the phase difference image. (d) Cross-section
through the magnitude difference image.






Chapter 7

INSTANTANEOUS OPTICAL FLOW

1. MOTIVATION

So far in this book, we have been concerned with the development
of a technique for segmenting images. However, as we have seen, this
technique yields not only the segmented components of the constituent
objects or images but it also extracts their global spatial velocities or
disparities. In all of this, we have assumed that the scene comprises two
distinct objects or images, each having a different velocity or disparity.
However, if the scene which is being viewed doesn’t exhibit this figure-
ground composition, we can still perform some useful work and establish
the structure of the scene. How? Well, if we are able to compute global
image velocity, then we should also be able to compute local image
velocity, i.e., we should be able to use the technique to compute the local
optical flow of the image. This in turn, together with some assumptions
about the motion of either the observer or the objects in the scene, allows
one to make inferences about the structure of the scene (see [169] for an
excellent introduction to this subject). In this chapter we will show how
the optical flow can be computed using a fairly well-established phase-
based Fourier method. In the next chapter, we look at the possibility of
deploying the full theory developed in this book and we’ll consider the
circumstances under which it would be appropriate to do so.

2. VELOCITY FROM PHASE CHANGE

To compute the optical flow of an image sequence, we need to measure
the velocity of every point in the image (or at least a representative
sample of them.) Unfortunately, this is an ill-posed problem because
the motion of a distinct image point, taken in isolation from any other,

109



110  FOURIER VISION

is often ambiguous. To overcome this problem, we consider instead the
velocity of a local region, treating it as a sub-image which is translating
with some velocity, and we estimate the velocity of a point as the velocity
of the region centred at that point. In this chapter, we are going to
measure the velocity of the region by analysing the phase change between
image regions and we will exploit the Fourier shift property to estimate
the velocity.

2.1 OVERVIEW - TWO IMAGES OR FOUR?

Up to this point, and excepting the special case in Chapter 6, we have
needed four image samples to segment the two images and to compute
their respective velocities. That is, we effectively had four unknown
quantities and we needed four constraints to determine them. Here,
however, we don’t wish to know the component images and we only
want to recover the velocity of some local image region. This allows us
to relax the requirement for four image samples and we can compute the
region velocity or displacement from only two image regions [369, 373].
For this reason, we refer to the technique as instantaneous optical flow
estimation.

2.2 MEASUREMENT OF PHASE CHANGE &
IMAGE VELOCITY

We already know that a function f(z,y) translating with velocity
(vz,vy) can be written f(z —v;6t,y —vydt). We know that, by the shift
property, its Fourier transform is given by:

F (f(z —vz0t,y — vy0t)) = |F(wg,wy)] !9(Wawy) = iwavs Ot+wy vy o)

Thus, a spatial shift of (v,0t,v,0t) of a signal in the spatial domain, i.e.
f(z,y) shifted to f(z — v;6t,y — vydt), only produces a change in the
phase of the Fourier components in the frequency domain. This phase
Change is 67i(wmvw(5t+wyvy5t).

In order to estimate the velocity of a signal translating with constant
velocity in the image, we simply need to identify the phase shift, i.e.
e~ Hwavadt+wyvydt)  To gccomplish this, we note that the phase spectrum
for the shifted image at time ¢+ 0t is equal to the phase spectrum of the

image at time ¢ multiplied by the phase change given above:
ei¢t+5t(w$ Wy) efi(wmvzét—kwyvydt) eid)t(ww Wy)

— ei(¢t (we wy ) —(We vz 0t+wy vy 6t))

Hence:

¢t+6t(wmawy) = ¢t(wmawy) — (w0t + wyvydt) (7.1)
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That is, the phase at time ¢ + 0t is equal to the initial phase at time ¢
minus (wgv;0t + wyv,dt). Since we require v, and v,, we rearrange as

follows:
1

" w,dt
This equation is degenerate if wy, = 0 in which case we substitute w, = 0
in equation 7.1 and use an alternative re-arrangement as follows:

1
- w0t

Vy (¢t(wmawy) - ¢t+6t(wzawy) - wmvxat) (7-2)

v (1w, wy) — et (e ) (7.3)
If we have two images taken at time ¢ = £y and ¢t = ty + Jt, we can com-
pute ¢y, and ¢y 445 from their Fourier transforms. Treating equation
7.2 above as a Hough transform, with a 2-D Hough transform space de-
fined on v, vy, then we can compute v, for all possible values of v, and
for all (known) values of wy, wy, ¢t (wg, wy), P46t (wg, wy). Local maxima
in this vz, v, Hough transform space signify Fourier components which
comprise signals in the spatial domain that are moving with constant
velocity vz, vy. Note that, in equation 7.2, ¢(wy,wy) represents the ab-
solute phase of frequency (ws,w,). However, in the Fourier domain,
phase is bounded by 427 and phase values will ‘wrap’ as they cross
this threshold. In effect, phase values are represented modulo 27. We
have allowed for this by solving equation 7.2 for the given phase val-
ues P(wg,wy) + 2nm, ¢ > 0; p(wy, wy) — 2nm, ¢ < 0, for all n such that
2nT <| Wy, 0t | + | WyVy,... 0t |.

It is important to note here that we don’t have to solve any equations
as we did in previous chapters. We simply need to compute the phases
of the Fourier components of the image region at two different times ¢
and t + 0t and then compute v, for all v,, according to equation 7.2.

2.3 LOCAL APPLICATION USING
APODIZED WINDOWS

The above theory is based on one fundamental assumption: that the
only thing which changes between each image sample is the phase of the
individual Fourier components. It assumes no change in the spectral con-
tent. However, it is inevitable that when we are dealing with the Fourier
transform of a moving image there will be some spectral changes due to
the introduction and removal of visual information at the boundary of
that image. If the size of the image is large compared to its velocity,
then these boundary effects will not be significant and can be ignored.
However, when we are attempting to compute the optical flow in a small
region, this is not the case and we must do something about them. The
solution is to apply a multiplicative apodizing windowing function which
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(a) (b) ()

w o 2w

Figure 7.1.  Gaussian windowing functions: (a), (b), (c) 50% weighting at ¥, %*,
3w pixels from the region centre, respectively (w is the size of the window); (d)
each region in the image is multiplied by the windowing function before its Fourier
transform is computed and its velocity estimated.

attenuates the visual information at the periphery of the region in ques-
tion. This windowing function is applied before the Fourier transform is
computed.

In this book, a Gaussian windowing function is used and the Gaus-
sian’s standard deviation o is chosen such that the weighting at a some
distance from the region centre is 50% of that at the region centre, where
w is the length (in pixels) of the side of the 2-D region. Results are pre-
sented for Gaussian windowing functions of three standard deviations,
each representing decreased attenuation of image data toward the edge
of the image (the three functions provide 50% weighting at ¥, %“’, and
3?“’ pixels from the region centre) — see Figure 7.1. In the following, we
will denote the three Gaussian functions by G w, G 20, and G su.

2.4 ALGORITHM

The computation of the instantaneous optical flow is accomplished in
the following steps:

1. Sample the image at some pre-determined sampling period;
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2. Extract a region of some size w X w pixels centred at some coordinates
(1,7) (actually we extract two regions, one at time ¢ and the other at
time ¢ + 0t);

Multiply these regions by the Gaussian window function;
Compute their Fourier tranforms;

Extract their phases;

A T

Update the Hough space for each spatial frequency (wg,wy) using
equation 7.2.

The position of the maximum in the Hough transform space provides
the estimate of the velocity of the region.
The full algorithm can be summarized as follows.

/* compute optical flow at coordinates i and j in images f1(i,j) and £2(i,j) */
/* where i and j are the coordinates of the centre of a 64 x 64 pixel region */
/* i and j effectively sample the image with a sampling period sp */
/* (sp = 10 pixels in the results presented in this chapter) */
/* The dimensions of f(i,j) are assumed to be given by variables d_i and d_j */

initial_i = 32; final_j = d_i - 32;
initial_j = 32; final_j d_j - 32;

for (i = initial_i; i < final_i; i = i + sp)
for (j = initial_j; j < fimal_j; j = j + sp)

extract 64x64 pixel regions f1’ and f2’, centred at i,j, from f1 and f2

apodized/window f1’ and f2’ by computing

£1°(x,y) x G(x,y) // G(x,y) is a 64x64 pixel Gaussian
£2°(x,y) x G(x,y) // = 0.5 at nw/8 pixels from centre
// (n=1, 2, 3 and w = 64)

gli(x,y)
g2(x,y)

compute G1(wx, wy), the Fourier transform of gi(x,y)
compute G2(wx, wy), the Fourier tramsform of g2(x,y)

compute the phases of G1 and G2: Pi1(wx, wy) and P2(wx, wy)

for (wx = inital_wx; wx < final_wx; wx = wx + 1) // -32 < uwx < 32
for (wy = inital_k; wy < final_wy; wy = wy + 1) // -32 < wy < 32

compute phase difference: pd = P1(wx, wy) - P2(wx, wy);

if (wy != 0)
for (vx = 0; vx < 10; vx = vx + 0.1) // vx is the x velocity
vy = (pd - (wx * vx)) / wy
Hough_accumulator[vx,vy] += 1
else if (wx != 0)
vz = pd / wx;
for (vy = 0; vy < 10; vy = vy + 0.1) // vy is the y velocity
Hough_accumulator[vx,vy] += 1
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Figure 7.2.  (a) Simple test sequence: optical flow is computed using this image and
an identical image translated by 2 pixels in the z and y direction. (b) Optical flow
field computed using phase information (G 2w Gaussian windowing function). (c) and

(d) Error images for the Fleet and Nagel error metrics, respectively (refer to Table
7.1 for details).

Identify vx_max, vy_max such that, for all vx, vy,
Hough_accumulator [vx_max] [vy_max] >= Hough_accumulator[vx][vy],

vx_max, vy_max is the velocity of the 64x64 region centred at i,]j

3. EXAMPLES
3.1 SIMPLE GULL SEQUENCE

Figure 7.2 shows the result of applying the technique to two gull
images where the second image is simply the first translated in both
the z and y direction by 2 pixels. This test is an elementary baseline
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benchmark and is intended to do no more than demonstrate the accuracy
and the repeatability of the technique on data with a known (and trivial)
flow-field. Figure 7.2 (a) shows the test image. Figure 7.2 (b) shows the
computed flow field using Gaussian weighting functions with 50% weight
at %" pixels from window centre (w = window size). Note that all of
the results shown in this chapter were computed with a window size of
64 x 64 pixels. The flow field has been computed at ten-pixel intervals.

Figures 7.2 (c) and (d) show the errors in the computed flow field
according to the Fleet and the Nagel error metrics, respectively. These
error images were produced by computing the error of the flow field
at five-pixel intervals and then interpolating between these samples to
complete the image.

The Fleet error metric is defined as follows ([29]). Let v} denote the
true optical flow vector at a point and let vz denote the corresponding
computed flow vector. Let 6; and 8, be their respective directions. The
Fleet error, ef, is defined to be

ep = cos ! < urte v 1 ) (7.4)
VuZ + 02 + Wu? + o2 + 1 '
where
Ue = |ve|cosb,
ve = |0¢]sinf,
ug = |0t]cosb,
vy = |0¢]sinfy

The Nagel error metric [257], ey, is defined in a slightly different way
to be

EN =V ec052 + esin2 (7'5)

where

€cos = |U¢|cosf. — |vt| cos by

esin = |U¢|sinf, — |0}|sin6;

Table 7.1 summarizes the mean and standard deviation of the Fleet
and Nagel error metrics, together with the Root Mean Square (RMS)
error of the magnitude and direction values. The chief point to note
about these results is that the correct flow field is computed to approxi-
mately 0.1 pixels (magnitude) and 1.4 degrees when the G 2 windowing



116 ~ FOURIER VISION

Gaussian RMS Error Fleet Error Nagel Error
Weighting  Magnitude  Direction Mean Std. Dev. Mean Std. Dev.
(pixels) (degrees) (degrees ) (degrees) (pixels) (pixels)
%” 0.21 8.34 2.02 4.61 0.12 0.25
v 0.10 1.44 1.48 0.25 0.11 0.05
N 0.31 6.34 2.83 3.99 0.23 0.30

Table 7.1. Summary of error metrics for the gull image translation benchmark.

function is used. Note that error measures are computed only for points
which exhibit non-zero magnitude in both the computed and the true
flow fields.

3.2 OTTE AND NAGEL TEST SEQUENCE

Figures 7.3 through 7.6 demonstrate the results of applying the tech-
nique to two images in Otte and Nagel’s ground-truth test sequence
[257]. This sequence comprises images of a scene acquired with a cam-
era mounted on a moving robot arm. The camera motion is a pure 3-D
translation toward the scene which comprises a stationary ground plane,
four stationary pillars, and a fifth pillar which is translating to the left.
The scene exhibits strong occlusion by both the stationary and the mov-
ing pillars. The magnitude and direction of the complete optical flow
fields of the sequence were computed by Otte and Nagel on the basis of
camera, calibration data and the robot motion parameters.

Figure 7.3 (a) and 7.3 (b) are images number 40 and 41 in the se-
quence. Figure 7.3 (c) is the true optical flow field extracted directly
from the ground-truth data (sampled every ten pixels). Figures 7.3 (d),
(e), and (f) show the optical flow field computed in the manner described
above and using the three Gaussian weighting functions G s G 2 and
Gu, respectively. Flow vectors are plotted every ten pixels and their
magnitude has been scaled by a factor of four.

Figure 7.4 (a) shows the true magnitude of the optical flow field ex-
tracted from Otte and Nagel’s ground-truth data, while Figures 7.4 (b),
(c), and (d) show the magnitude of the computed optical flow field using
the three Gaussian windowing functions G s, G 2, and G w, respec-

tively. These images were generated by computlng the optlcal flow vec-
tors at ten-pixel intervals and then by interpolating bi-linearly between
these computed values.

Figure 7.5 shows the true direction of the optical flow field extracted
from Otte and Nagel’s ground-truth data, while Figures 7.5 (b), (c), and
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Figure 7.3. (a) and (b) Images number 40 and 43 of Otte and Nagel’s ground-truth
motion sequence. (c) True optical flow field given by Otte and Nagel’s ground-truth
data (sampled every ten pixels). (d), (e), and (f) Optical flow field computed using
G aw, G 2w, and Gz Gaussian windowing functions, respectively.
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(c)

Figure 7.4. (a) Magnitude of the optical flow field extracted from Otte and Nagel’s
ground-truth data. (b), (c), and (d) Magnitude of the optical flow field computed
using the G aw, G 2w, and Gz Gaussian windowing functions, respectively.

(d) show the direction of the computed optical flow field. Again, these
images were generated by bi-linear interpolation between the optical flow
vector values estimated every ten pixels.

Figure 7.6 shows the Fleet and Nagel error images for the sequence
using the three Gaussian windowing functions. Here we can see that
the greatest error occurs in the regions which correspond to mutual
occlusion between the objects. It is also worth noting that the errors are
particularly significant for the results obtained using the G% windowing
function.

Table 7.2 provides a summary of the RMS, Fleet, and Nagel error
measures.
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(2)

(c)

Figure 7.5. (a) Direction of the optical flow field extracted from Otte and Nagel’s
ground-truth data. (b), (c), and (d) Direction of the optical flow field computed using
the G sw, G 2w, and G z Gaussian windowing functions, respectively.

Gaussian RMS Error Fleet Error Nagel Error
Weighting Magnitude Direction Mean Std. Dev. Mean Std. Dev.
(pixels) (degrees) (degrees ) (degrees) (pixels) (pixels)
3w 0.50 22.83 15.05 5.95 0.55 0.30
%" 0.44 21.01 14.12 5.24 0.51 0.25
% 0.45 24.90 15.13 7.14 0.55 0.30

Table 7.2. Summary of error metrics for the Otte and Nagel benchmark sequence.

3.3 SUNFLOWER GARDEN TEST
SEQUENCE

The third scenario we have used to demonstrate the technique is the
sunflower garden (SFLOWG) sequence provided by the Berkeley Mul-
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Figure 7.6. (a), (c), (e) Fleet error metric and (b), (d), (f) Nagel error metrics based
on computed and ground-truth values using G 3w, G 2w, and G% Gaussian windowing
functions, respectively. Note that darkness is proportional to error.
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timedia Research Center, University of California, Berkeley. This is an
extended image sequence and we have used three extracts from it to
illustrate various aspects of the technique’s performance. In Figure 7.7
we see a rural scene with a hedgerow in the foreground, receding into
the distance on the left. Behind this, there are a house and trees. At the
left, we can see some overhanging branches of a tree in the foreground.
The instantaneous optical flow for the Gaussian windowing functions
G3w and G2 are also shown in Figure 7.7. The interpolated magnitude

8 8
and direction of the velocity fields are shown in Figure 7.8.

The magnitude of the flow field for this extract decreases from right
to left in the region of the hedgerow, as one would expect since it re-
cedes into the distance. Similarly, the region around the foreground tree
exhibits flow vectors with large magnitudes and the distant background
near the house exhibits flow vectors with small magnitudes. Note that
with the narrower G 2., window function the technique is unable to es-

8
timate the flow field in sky region. The G3» window function is able to

8
do so be only because it uses information from nearby objects such as
the house.

In the next extract, we see the left-hand tree encroaching into the
foreground (see Figures 7.9 and 7.10). While the flow field near the
top half of the tree is correct, we can see that there are problems near
its base and the flow vectors represent the velocity of the neighbouring
hedgerow rather than the trunk of the tree. In effect, the hedgerow
signal swamps the trunk signal in the local window region. This doesn’t
happen at the top of the tree because of the featureless sky background.
This invasion of neighbouring signal is alleviated somewhat with the
narrower G 2. window function (see Section 4.1 for a further discussion

of this problsem).

This problem becomes even more pronounced in the third extract in
Figures 7.11 and 7.12 where the foreground tree stands centrally in front
of the house. With the wider G'3» window function we fail completely
to detect the trunk’s flow field. ’%he narrower (2o window function is

better but still fails in the region near the base whef‘e the hedgerow forms
the background. Clearly, a narrower window improves the ability of the
technique to localize the flow field but, unfortunately, if we decrease the
window too much we encounter problems in areas where there are large
velocities or displacements. This is an issue to which we will return in
Section 4.1.
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(c) (d)

Figure 7.8. Instantaneous optical flow field for the house sequence: (a) & (c) mag-
nitude, (b) & (d) direction, using the G s and G 2w Gaussian windowing functions,
respectively.

3.4 POST-PROCESSING

We note in passing that all of the results presented in this chapter
are the unprocessed output of the algorithm (apart from interpolation);
each velocity vector has been estimated independently and the vector
field has not been subjected to median or mean filtering. Such filtering
would, in fact, help to remove outlying estimates and would improve the
overall error measures.

4. DISCUSSION

4.1 DISCONTINUITIES IN THE VELOCITY
PROFILE

The preceding results demonstrate that the approach described pro-
duces a dense, accurate, repeatable, and reasonably complete flow field.
However, in the case of the flow field produced with wider weighting
functions, i.e. the Gaussians with standard deviation G sw and qu,,
the velocity represents an average or aggregate velocity in the w1ndows

Normally, this is not a problem, especially where the velocity profile in
the window is either constant or varying linearly since the average will
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(c) (d)

Figure 7.10. Instantaneous optical flow field for the SFLOWG sequence: (a) & (c)
magnitude, (b) & (d) direction, using the G 3w and G 2w Gaussian windowing func-
tions, respectively.

represent a good estimate at the centre of the window over which the
estimate is taken. On the other hand, if there is a local variation in the
velocity profile in the window or, worse still, if there is a discontinuity
in the velocity profile such as is the case where there are two or more
objects moving in the window, then this estimate will be unreliable. The
reason for this becomes clear when we reflect on the manner in which
we are computing the velocity estimate, i.e. by computing the phase
changes of the Fourier frequency components. We have made the tacit
assumption that there is just one single object moving in the window
or, equivalently, that the image function in the window translates with
unique and uniform velocity. Thus, the Fourier components should all
exhibit the (frequency-dependent) phase change associated with this ve-
locity. When there are two or more velocities, the Fourier components
are the resultants of the two individual components of each object (as-
suming common spectral support) and the technique described in this
chapter computes the velocity based on the phase change of the resul-
tant, and not on the the individual components. Since the phase change
of the resultant Fourier component will depend on the phase changes
of the individual components and on their magnitudes, there won’t be
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(c) (d)

Figure 7.12. Instantaneous optical flow field for the SFLOWG sequence: (a) & (c)
magnitude, (b) & (d) direction, the G s and G 2w Gaussian windowing functions,
respectively.

a single consistent phase change for all Fourier components — different
relative magnitudes will yield a different phase change in the resultant
even if the phase changes of the components are consistent — and hence
there won’t be a well-defined local maximum in the Hough transform
space. Consequently, the computed velocity will be very unreliable. If
the signal corresponding to one of the sub-regions in the local window is
significantly stronger than that of the other then its Fourier components
will tend to dominate and the phase change of the resultant may be a
better approximation to the phase change of the dominant component.
In this case, the measured velocity will approximate that of the domi-
nant sub-region. This is exactly what happens at the base of the tree in
Figures 7.9 and 7.11.

As the window in which the velocity is being estimated encounters and
crosses a velocity discontinuity, as in the case of an occluding boundary,
the computed velocity will change from a true estimate of the velocity
of the first object to a true estimate of the velocity of the second object,
passing through probably unreliable estimates of the aggregate velocity
of the two. This is particularly evident in the velocity fields associated
with the ‘wider’ weighting functions, G 2w and G s (see Figures 7.3
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(d) and 7.3 (e)), since they incorporate more components from both
objects as the window passes over them. The flow-field associated with
the ou weighting function represents an attempt to reduce the effective
support, computing just one velocity. However, the reduced support
introduces its own problems. The velocity estimate is more prone to
produce spurious results and, given its reduced ‘window of visibility’, it
encounters problems in identifying a velocity in regions where the image
function is approximately constant and, hence, there is no detectable
phase change (see Figure 7.3 (f)). It will also encounter problems if the
velocity is large with respect to the size of the window since there will be
a much higher change in the spectral content due to the large amount of
image data entering and exiting the window at its periphery. In essence,
if we try to solve the velocity discontinuity problem by reducing the size
of the window (or the width of the window function) we also reduce the
range of velocities which can be measured.

An alternative strategy is to increase the resolution of the image itself.
This has the effect of reducing the relative size of the window vis-a-vis the
objects in the image and, as long as the object velocity does not exceed
the point at which the change in spectral content in the window becomes
a problem, this approach will improve the ability of the technique to
localize the velocity measurement. For example, Figures 7.13 and 7.14
show the results of applying a 64 x 64 pixel window and the Gzw and

G 2» Gaussian window functions to an enlarged version of the SFLOWG

seofuence. In this case, the local estimate of velocity near the tree trunk
is much improved and the problems associated with the invasion by the
background hedgerow signal have been alleviated somewhat.

Note that doubling the size of the image is not the same as halving
the size of the window (e.g. from 64 x 64 to 32 x 32 pixels). Recall
from Chapter 2 that the quantization resolution of the phase angles is
proportional to the resolution of the image (in this case, to the resolution
of the window). If we halve the window size, we halve the resolution at
which we can measure phase and phase changes and, consequently, we
reduce the accuracy with which we can measure velocity. It has been
found empirically that a 64 x 64 pixel window is the smallest image size
with which one can reliably estimate local velocities. In an ideal world,
one where the speed of computation is not an issue, we would greatly
increase the resolution with which the image sequence is acquired and
use a considerably larger window.

Another solution to the problem of local variation and discontinuities
in velocity profiles in the window is to identify explicitly the two (or
more) velocities of those objects translating in the window and then to
assign the appropriate velocity to that being estimated in the window.
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(c) (d)

Figure 7.14. Instantaneous optical flow field for the house sequence: (a) & (c) mag-
nitude, (b) & (d) direction, the G s and G 2w Gaussian windowing functions, respec-
tively.

This requires that the resultant Fourier component and its phase change,
which forms the basis of the velocity computation, be decomposed into
its constituent components, where each component corresponds directly
to a distinct object, and these components and their phase changes then
be used to identify the velocity. This is where the technique introduced in
Chapters 3 and 4 comes in and we will use it explicitly in the next chapter
to improve the quality of the computed optical flow field, particularly in
these regions.

4.2 THE APERTURE PROBLEM

All techniques for computing the optical flow of an image sequence
get into difficulties when there is insufficient information contained in
the image window to estimate the velocity. This is clearly the case if the
image in that region is homogeneous and contains little or no variation
in intensity. However, it also arises when the image window contains a
single discontinuity or edge between two homogeneous regions (e.g. see
Figure 7.15.) In such a situation, the only thing we can compute is what
is referred to as the orthogonal component of the flow vector, i.e. the
component in a direction at right angles to the direction of the edge.
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(a) (b)

Figure 7.15. The aperture problem: (a) a discontinuity between two homogeneous
regions at time t; (b) and at time t + dt; (c) its true velocity is ambiguous and all
that can be computed with certainty is the orthogonal component of its velocity, i.e.
the component in a direction which is normal to to the edge direction.

This is known as the aperture problem and it is exemplified well in the
camera image sequence (Figure 7.16).

In particular, if we look at the region containing the prism (this is the
triangular region at the top of the camera) we can see that the left edge
of the prism separates two relatively homogeneous regions. The Fourier
phase technique produces different results in this region depending on the
size of the Gaussian windowing function. In the case of the windowing
function with 50% weight %" pixels from the centre (w, the window size,
is 64 pixels), we can see that the technique fails to compute the true
flow (which is horizontal, from left to right) and it produces instead the
normal flow in a direction perpendicular to the edge of the prism.

4.3 ACCURACY

What of the accuracy of the technique? Assuming that we are using
a reasonably-sized window, the accuracy is dependent on the resolution
of the Hough accumulator since it effectively samples the velocity space.
We have adopted, somewhat arbitrarily, a velocity sampling period of 0.1
pixel (i.e. the interpixel-distance in the velocity Hough space is equiv-
alent to 0.1 pixels/frame). Figures 7.2 (e) and 7.2 (f), together with
tables 7.1 and 7.2, show clearly that the technique is indeed capable of
consistent computation of the flow to within this tolerance, at least for
the trivial flow field shown in Figure 7.2. For a more demanding assess-
ment of the technique, we have used Otte and Nagel’s [257] benchmark
sequence. This sequence has the major benefit that ground truth optical
flow is available (i.e. the magnitude and direction of the optical flow of
almost every point in the image). To compare the optical flow computed
with the algorithm presented in this paper and ground-truth, the optical
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Figure 7.16. An example of the aperture problem: (a) frame 1 of the camera se-
quence; (b) detail from the sequence showing two reasonably uniform regions sepa-
rated by a straight contour; (c) and (d) optical flow field computed using the G 2w
windowing function — only the orthogonal component has been extracted near the
sloped edge.

flow was estimated every ten pixels (for the three Gaussian weighting
functions) and then a complete optical flow image was produced for both
magnitude and direction by interpolating bi-linearly among these points
(see Figures 7.4 and 7.5). These were then compared to the ground-
truth magnitude and direction images by estimating the RMS, Fleet,
and Nagel errors (see Table 7.2).

Referring to these images and tables, a number of points can be noted.

First, it is clear that the main errors occur, as one would expect, at
the occluding contours and, in particular, at the contour where the two
objects are moving with significantly velocities (as, for example, is the
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case with the white block and the large dark block in the foreground).
Again, as expected, this error is greater for the wider weighting functions
and, because the velocity estimate is based on a larger effective support,
the error propagates into a bigger region around the occluding contour.

Second, the RMS, Fleet, and Nagel error images in Figure 7.6 all
show a consistent and almost constant error (except for the points close
to occluding contours). Clearly, there is a bias in the measurement (as-
suming, as we must, that the ground-truth data is correct). On the other
hand, it also has to be said that the algorithm reliably and consistently
produces the correct magnitude and direction (close to 0.1 pixel) when
tested on artificial test images i.e. the gull sequence.

5. CONCLUSIONS

Notwithstanding the apparent bias of the results of the approach when
tested with Otte and Nagel’s ground truth data, the technique pre-
sented produces dense, consistent, and accurate instantaneous optical
flow fields. The use of a Gaussian weighting function which provides
a 50% weighting at %w pixels from the centre of the window in which
the velocity estimate is being computed provides a good compromise
between distortion introduced due to boundary-effects and the inability
to compute an estimate due to the small support of the estimate.

The major problem of the approach is that it produces at best an ag-
gregate velocity estimate in regions comprising objects with two distinct
velocities (such as in the local region around occluding contours). We
will deal with this problem in the next chapter.

6. POSTSCRIPT: OTHER APPROACHES

The measurement of optical flow has received a great deal of attention
by the computer vision community and the literature is replete with a
very large number of publications on the topic. Surveys and comparisons
of the different approaches can be found in comprehensive works by, for
example, Barron et al. [29] and Otte and Nagel [257], while Redert
et al. present a very accessible overview in [283]. References to other
approaches can be found in the bibliography at the end of the book.

Most approaches to the measurement of optical flow in images nor-
mally exploit one of two primary techniques. The first involves the com-
putation of the spatio-temporal derivatives (first-order or second-order),
differentiating the (filtered or unfiltered) image sequence with respect to
time and thus computing the optical flow field (e.g. [102]). The second
involves either feature- or region-based matching (such as normalized
cross-correlation) of local iconic information such as raw image data or
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segmented features or objects (e.g. [376]). Comparisons of the many
variations of these approaches and the relationship between them can
be found in [29, 257, 348, 160].

An alternative approach (which is directly related to the technique
presented in this chapter) exploits the regularity in spatio-temporal fre-
quency representations of the image, such as the spatio-temporal Fourier
Transform Domain, resulting from certain types of image motion. It can
be shown that the spatio-temporal Fourier Transform of an image se-
quence in which the image content is moving with constant velocity
results in a spatio-temporal frequency representation which is equal to
the spatial Fourier Transform of the first image multiplied by a é-Dirac
function in the temporal-frequency domain. This §-Dirac function is de-
pendent of the image velocity which can be computed if one knows the
position of the §-Dirac function and any spatial frequency [64]. Because
this approach is based on image motion, rather than object motion, it
normally assumes uniform (zero) background when evaluating object
motion. Extensions of the technique have been developed to allow it
to cater for situations involving noisy backgrounds [65], several objects
[211, 210], and non-uniform cluttered backgrounds [280].

The use of spatio-temporal frequency representations for the measure-
ment of optical flow has been developed in depth by Fleet and Jepson
[29, 111, 112, 113] who have extended the spatio-temporal frequency
framework to deal with situations where the normal assumption of a
single pure (local) image translation is no longer valid. Their technique,
which is based on the application of a bank of spatio-temporal band-
limited velocity-tuned linear filters, is able to distinguish different ve-
locities within a given neighbourhood and it is resilient to small affine
geometric deformations of the image neighbourhood.



Chapter 8

DECOUPLED OPTICAL FLOW

1. THE PROBLEM OF NON-UNIQUE
MULTIPLE LOCAL VELOCITIES

We saw in the last chapter that we can compute the instantaneous
optical flow between two images acquired at different times by analyzing
the phase of the Fourier tranform of Gaussian-windowed regions in the
image. This technique makes the assumption that there is one unique
velocity associated with the region in question, i.e. that the entire re-
gion is translating uniformly with one velocity. In such circumstances,
it works very well indeed, producing an arbitrarily dense accurate flow
field. However, as has been pointed out by several people and as we saw
ourselves in the previous chapter, these circumstances don’t always pre-
vail: there are instances where two or more velocities can and should be
associated with a single local region, for example at occluding bound-
aries and with transparent surfaces in motion. As one would expect,
the technique presented in the previous chapter does encounter prob-
lems in such cases. The goal of this chapter is to show how the theory
presented in Chapters 3 and 4 can be deployed to produce better esti-
mates of optical flow, especially in regions around occluding boundaries,
by decoupling the components which give rise to the multiple velocities.
We will also look at some of the limitations of deploying this approach
and we will conclude with a comparison of the instantaneous and the
decoupled optical flow estimation techniques in terms of their relative
strengths and weaknesses.

135
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2. ALGORITHM

The algorithm for decoupled optical flow is similar to that for instanta-
neous optical flow except that, instead of looking at the phase difference
between the Fourier transform of each windowed region at times ¢3 and
t1, we use the image segmentation technique described in Chapters 3
and 4 and apply it to each windowed region at times tg, ¢1, 2, and ts.
Letting g+, (z,y) represent a windowed region at time ¢;, we compute the
Fourier transform of each region gtz( ,y) yielding G, (wg,wy) and then
we decouple each phasor to find Gt (Wg, wy), G%O (we,wy), A@%O(wz, wy),
and A¢'to (Wi, wy) Since we are not interested in reconstructing the de-
coupled images gf (z,y) and Qto (z,y), we can discard Gj (wg,wy) and
G, (wg,wy), and we just use A} (wg,wy) and ADE (wm,wy) as input to
the Hough transform equation 3.20 to find the velocity as described in
Chapter 3. In this way, we can extract two velocities in one local region.

3. EXAMPLES
3.1 SIMPLE GULL SEQUENCE

Figure 8.1 shows the result of applying the technique to an extended
version of the gull sequence shown in the previous chapter. In this
sequence, the image is translating by two pixels per frame in both the z
and y directions by 2 pixels. Figure 8.1 (a) shows the test image. Figure
8.1 (b) shows the computed flow field using Gaussian weighting functions
with 50% weight at 22 pixels from window centre (w = window size).
As before, all of the results shown in this chapter were computed with
a window size of 64 x 64 pixels. The flow field has been computed at
ten-pixel intervals.

As before, Figures 8.1 (c) and (d) show the errors in the computed
flow field according to the Fleet and the Nagel error metrics, respectively.
These error images were produced by computing the error of the flow
field at five-pixel intervals and then interpolating to complete the image.

Table 8.1 summarizes the mean and standard deviation of the Fleet
and Nagel error metrics, together with the Root Mean Square (RMS)
error of the magnitude and direction values. For the sake for compar-
ison, the error metrics for the instantaneous flow computation are also
included. We can see that the decoupled approach outperforms the in-
stantaneous approach for both the G su and sz windowing functions

but, significantly, not for the Gw wmdowmg functlon This degradation
in performance is due to the fact that the decoupled approach requires
a sequence of four images. With the narrower Gw windowing function,
the change in image information over four frames is relatively greater
and, hence, one the assumptions upon which the technique is based (i.e.
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Figure 8.1. (a) Simple test sequence: optical flow is computed using this image
and this image translated by 2 pixels in the z and y direction. (b) Optical flow field
computed using phase information (G 2w Gaussian windowing function). (c) and (d)

Error images for the Fleet and Nagel error metrics, respectively (refer to Table 8.1
for details).

that there is no spectral change) is violated to a greater extent than in
the case of the wider windowing functions. This is one of the most seri-
ous limitations of the decoupled approach: because it requires a longer
sequence of images, it performs well only with relative low velocities
and/or with wider windowing functions. On the other had, because the
instantaneous approach requires a sequence of only two images, it can
deal with larger velocities before the change in spectral content causes
it to fail.
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Gaussian RMS Error Fleet Error Nagel Error
Weighting  Magnitude  Direction Mean Std. Dev. Mean Std. Dev.
(pixels) (degrees) (degrees ) (degrees) (pixels) (pixels)

Instantaneous Optical Flow

2o 0.21 8.34 2.02 4.61 0.12 0.25

Zw 0.10 1.44 1.48 0.25 0.11 0.05

v 0.31 6.34 2.83 3.99 0.23 0.30
Decoupled Optical Flow

hline 3% 0.21 11.74 1.31 3.75 0.09 0.24

2o 0.08 0.88 0.75 0.46 0.07 0.06

v 0.44 4.53 5.11 1.18 0.47 0.10

Table 8.1. Summary of error metrics for the gull image translation benchmark.

3.2 OTTE AND NAGEL TEST SEQUENCE

The improvement in performance of the technique compared to the
instantaneous optical flow approach is even better with the Otte and
Nagel ground truth test sequence (see Figures 8.2 through 8.5.) Qual-
itatively, both the flow fields (Figures 8.2 (d), (e), and (f)) and the
interpolated magnitude images (Figures 8.3 (b), (c), and (d)) and inter-
polated direction images(Figures 8.4 (b), (c), and (d)) are better for the
decoupled approach compared with the instantaneous approach. This is
confirmed by the quantitative error metrics (i.e. the RMS, Fleet, and
Nagel error measures) shown in Table 8.2 where we can see that the de-
coupled approach produces better results for all three metrics and for all
three windowing functions. The decoupled approach works better here
with the narrow G« windowing function that it did in the gull sequence
because there is a strong preponderance of points with small velocities.

Figure 8.5 shows the Fleet and Nagel error images for the sequence
using the three Gaussian windowing functions. While there are still
errors around the occluding boundaries, they are much more localized.
In fact, if we compute the optical flow at every pixel on row 255 (see
Figure 8.6) using the decoupled approach, we can see that there is a much
sharper discontinuity in the flow fields close to the occluding boundaries
compared to the corresponding results obtained using the instantaneous
technique (see Figures 8.7 and 8.8).

So why are there residual errors in the flow fields close to the occlud-
ing boundaries? Part of the reason is that, although we do compute two
velocity vectors in each region using the decoupled approach, all of the
above results show the ‘stronger’ vectors where by ‘stronger’ we mean



Decoupled Optical Flow 139

13353551 e T RO NS o

o e
B B T
B ]

NN N N W

(c) (d)

(e) (f)

Figure 8.2. (a) and (b) Images number 40 and 43 of Otte and Nagel’s ground-truth
motion sequence. (c) True optical flow field given by Otte and Nagel’s ground-truth
data (sampled every ten pixels). (d), (e), and (f) Optical flow field computed using
G aw, G 2w, and Gz Gaussian windowing functions, respectively.
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(c)

Figure 8.3. (a) Magnitude of the optical flow field extracted from Otte and Nagel’s
ground-truth data. (b), (c), and (d) Magnitude of the optical flow field computed
using the G 3w, G 2w, and Gz Gaussian windowing functions, respectively.

that they correspond to the largest local maximum in the Hough trans-
form space; the second ‘weaker’ vector being discarded. Quite often, of
course, and especially when there is little difference between the values
of the two maxima, this weaker vector may well be the more consis-
tent vector at that point and the stronger vector may correspond to the
vector of the neighbouring region.

This is illustrated clearly in Figure 8.9 which shows both vectors in
the vicinity of an occluding boundary (windowing function G 2w ). Figure

8.10 shows the sequence of Hough transforms which are generated as we
cross the occluding boundary shown in Figure 8.9. A Hough transform
is shown for every second point on the central line of the image. We can
see how a well-defined maximum (indicating one velocity in the region)
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(c) (d)

Figure 8.4. (a) Direction of the optical flow field extracted from Otte and Nagel’s
ground-truth data. (b), (c), and (d) Direction of the optical flow field computed using
the G sw, G 2w, and Gz Gaussian windowing functions, respectively.

evolves into two less-well defined maxima (indicating two velocities in
the region) as we approach the occluding boundary, and these evolve
into one maximum again as we pass by the occluding boundary.

The lack of definition of the two maxima is caused by the occlusion
in the region and the consequent violation of the assumption of purely
additive signals upon which the technique is based. If the signals are
additive, then the situation improves significantly. For example, Figure
8.11 shows two flow fields computed for an image sequence which is
formed by the additive superposition of one image on another. In this
case, we are able to extract two velocity vectors at every point and,
furthermore, the Hough transform maxima are much better defined (see
Figure 8.12).
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Figure 8.5. (a), (c), (e) Fleet error metric and (b), (d), (f) Nagel error metrics based
on computed and ground-truth values using G 3w, G 2w, and G% Gaussian windowing
functions, respectively. Note that darkness is proportional to error.
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Gaussian RMS Error Fleet Error Nagel Error
Weighting  Magnitude  Direction Mean Std. Dev. Mean Std. Dev.
(pixels) (degrees) (degrees ) (degrees) (pixels) (pixels)
Instantaneous Optical Flow
%" 0.50 22.83 15.05 5.95 0.55 0.30
2?“’ 0.44 21.01 14.12 5.24 0.51 0.25
3 0.45 24.90 15.13 7.14 0.55 0.30
Decoupled Optical Flow
%" 0.40 5.79 6.78 3.61 0.31 0.30
%” 0.37 5.40 6.43 3.09 0.29 0.26
3 0.34 7.48 7.22 3.13 0.31 0.21

Table 8.2. Summary of error metrics for the Otte and Nagel benchmark sequence.

Figure 8.6. Row 255 of the Otte and Nagel sequence which is used to generate the
optical flow components shown in Figures 8.7 and 8.8.

Clearly, we can improve the quality of the final flow fields by choos-
ing the flow vectors which are more consistent with the structure of
the scene. For example, one could choose the flow vectors to align the
discontinuity in the flow field with a discontinuity in the image intensity.

Note that in Figures 8.9 and 8.11 we have shown the secondary vec-
tor only if the relative heights of their corresponding maxima in the
Hough transform are within 30% of each other, otherwise we would have
included spurious vectors in regions where there is really only one veloc-
ity.
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Figure 8.7. Magnitude of the optical flow vector measured at every point on row
255 of the Otte and Nagel sequence — (a), (c), (e) Instantaneous optical flow and
(b), (d), (f) Decoupled optical flow, using GSTw, Gsz, and Gz Gaussian windowing
functions, respectively.

\

3.3 SUNFLOWER GARDEN TEST
SEQUENCE

Finally, we come to the third scenario: the sunflower garden sequence
provided by the Berkeley Multimedia Research Center, University of
California, Berkeley.

The results for the extract with the tree juxtaposed directly in front
of the house are shown in Figures 8.13 and 8.14. The limitations we
mentioned previously regarding the velocities for which the decoupled
approach will work are now immediately apparent. The decoupled ap-
proach has failed completely to extract the flow field for the high-velocity
foreground tree-trunk and, instead, it only extracts the low-velocity
background flow field. We get similar results for the other two extracts
we looked at in the previous chapter. Since the high branches in the
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Figure 8.8. Direction of the optical flow vector measured at every point on row 255
of the Otte and Nagel sequence — (a), (c), (e) Instantaneous optical flow and (b), (d),
(f) Decoupled optical flow, using G aw, G 2w, and G% Gaussian windowing functions,

respectively.

tree are further in the distance, and hence have a lower velocity, the
decoupled approach does extract their velocity vectors correctly.

In the previous chapter, we improved the results for this sequence by
increasing the resolution of the image, effectively reducing the relative
size of the window to improve the localization of the flow field. Attempt-
ing to do the same here with the decoupled approach only makes matters
worse because we are effectively increasing the object velocity and, as we
have seen, this causes major problems with change in spectral content
over the four images used in this approach (see Figures 8.15 and 8.16).

4. CONCLUSION

So, having presented two different Fourier-based techniques for com-
puting optical flow, where do we stand?



146  FOURIER VISION

A
e
T
T
=T
e e

-
o

-
=1
-
-
=1
=1

Figure 8.9. Dual flow fields in the vicinity of an occluding boundary (a) primary
flow field (b) secondary flow field (G 2w Gaussian windowing function).

The instantaneous approach, requiring only two images, is clearly
more resilient when dealing with higher velocities. However, because it
assumes a single unique velocity in the windowed region, it has problems
when dealing with regions containing two or more objects moving with
different velocities such as in the vicinity of occluding boundaries.

On the other hand, the decoupled approach, requiring four image
samples, produces significantly better results around occluding bound-
aries but at the cost of reducing the range of velocities with which it
can operate: high velocity means greater change in image and spectral
content and, therefore, greater violation of the assumption on which
both techniques are based. In addition to its improved performance in
the vicinity of occluding boundaries, the decoupled approach also yields
more accurate flow vectors, again by virtue of the extended number of
image samples which it uses in the computation.

So which is best? It depends — if one has a low velocity image
sequence, the decoupled approach is clearly superior but if the velocity
increases much beyond four or five pixels per frame, the instantaneous
technique is the better choice.
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Figure 8.10. Sequence of Hough transforms produced as the window in which optical
flow is being estimated passes over the occluding boundary shown in Figure 8.9.
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Figure 8.11. Dual flow fields in superimposed images (a) primary flow field (b) sec-
ondary flow field (G 2w Gaussian windowing function).
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Figure 8.12. Sequence of Hough transforms produced as the window in which optical
flow is being estimated passes over the occluding boundary shown in Figure 8.11.
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(c) (d)

Figure 8.14. Decoupled optical flow field for the SFLOWG sequence: (a) & (c) mag-
nitude, (b) & (d) direction, the G s and G 2w Gaussian windowing functions, respec-
tively.
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(c) (d)

Figure 8.16. Decoupled optical flow field for the house sequence: (a) & (c) magni-
tude, (b) & (d) direction, the G 3w and G 2w Gaussian windowing functions, respec-
tively.






Chapter 9

EPILOGUE

In this book, we have travelled a short but eventful journey from
Fourier and Hough transforms, through separation of additive images,
segmentation of figure-ground scenes, via object motion, camera motion,
and binocular stereopsis, to instantaneous and decoupled optical flow
estimation. The goal of this journey was to present the development of
a new perspective on these areas and to develop an approach with offers
a small but potentially significant advance in dealing with these issues.

The key feature of the approach is that the separation/segmentation
is accomplished in the Fourier domain so that we are not concerned
with the visual appearance of the scene. The strengths of the technique
are that it explictly models the difficult situation of decoupling additive
signals and makes no assumptions about the spatial or spectral content
of the constituent images (unlike other techniques such as independent
component analysis). It works with several camera configurations, such
as camera motion and short-baseline binocular stereo. The approach
works best on images with small velocities/displacements, typically zero
to ten pixels per frame.

Of course, like all other approaches, this one has weaknesses too.
For example, it assumes no scale change in the scene so that if objects
are moving toward or away from the camera then one has to enforce
a very short sampling period so that the velocities are small and the
scale changes negligible. If there is significant rotational motion, then
the approach will fail since the requirement of constant translationary
motion is not satisfied.

However, even is such situations we can still apply the technique on a
local basis to compute the optical flow and hence infer the structure of
the scene (assuming some knowledge of the camera configuration). Nat-
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urally, one can compute optical flow in many other ways, and even by
using Fourier techniques to analyse the phase difference between two con-
secutive images. However, the approach developed in this book has the
advantage that it allows you to compute optical flow more accurately and
more reliably in regions where there are actually two distinct motions
(e.g. in regions around occluding boundaries and in situations where
we might have reflective transparent surfaces such as a scene viewed
through a window).

The disadvantage of the decoupled optical flow technique is that it
requires four image samples rather than the minimal two and, hence, it
can’t deal with large velocities because the amount of image data passing
into and out of the measurement window will be too great and will cause
the technique to fail due to excessive change in spectral content.

The motivation for taking this trip was to present the full theory of
the technique together with some examples so that others with appli-
cations which exhibit the characteristics of these examples can consider
the use of the approach in their domain. In the end, I don’t imagine for
a moment that this new technique will change the worlds of segmenta-
tion and optical flow estimation but it may well provide a way of dealing
with some problems which would otherwise have been difficult to tackle,
perhaps in a specialized area of computer vision — scenes with superim-
posed reflections or optical flow estimation near occluding boundaries,
for example — and perhaps also in other areas such as acoustics, med-
ical imaging, and signal processing — separating the voice signals of
two simultaneous speakers or segmentation in digital angiography, for
example.
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